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PREFACE 



!I3iis. text aim at restorii:^ what is, in a sense, a "lost" subject. Eiere 
Is a widespread pjractice of including "^analytic getMetiy material in the calctu 
ins program; but when this is*accoiqplished. Analytic Gecanetry, as a coyrse of 
study, di^^pears and^ wfaa^ remins of it Is the part liraediately useful to a- 
study of ceilculus. You will find a much njore varied selection of topics In 
this book than you would see In a oalj^ulus course • 

In a book* devoted to the interplay between .algebra and gecsMtry you would 
expe^t/i^o be caile'd upon- to exhibit considerable dexterity In algebraic mani- 
pulations as veH a^ to recall prevloua experli&nces wi-Ui g^c^trlc figures and 
theoreii)s« You will not be disappointed. It is alsb assumed that know the 
elementary- notions of trigoncxnetryp , / - 

/ f . \ . ' * * 

A d^llbearate effort was*made to tie this text to previous SMSO llfextsj so, 

'you will find the usual language of sets, ordered pairs, nuiabei' properties, 

etc., with wh^ch you have h^ son^ acquaintance. This flavor Is i>erhapg wh^t 

distinguishes this book frCTi others in the field. For exan5)le, the* treatn^nt 

■ w ■ 

of coordinate systelhs in Chapter 2 depends upon the postulates of SMBG 
Geometry. 

. ' . ' • " • 

Here)ls one word' of advice. ^ Uie early chapters are fundaicental to every- 
thing which follows. Study them until they seem* to be old. friends; do nq\. 
hesitffte to return to them later for a fresh Iqok. Another thing you might 
vatch. The related^ Ideas of vectors, direction numbers^ and parameters are 
used extensively t'o slitiplffy and uni:fy the various topij:s. Loc* for this 

feature. * - ' , ' 

f * , < 

The theorein)s and figures are numbered serially within each chapter; e.g.. 

Theorem 8-3 is the^hird theorem of Oiapter 8, Figure 5-2 is the secbnd figure 

to appetir In Chapter 5- If an equation to be referred ,to^, it is assigned 

a counting number, which is then displayed in the left n»:?gin. The counting 

begins at one for each section. Definitions are not numbered but may be found 

by referring. to the Index. 

The writer^ hope they have recreated the beauty of Analytic Gec^netry in a 
new E2>BG setting, and they further hope that you will enjoy and profit by the 

i ' 

adventure you are about to undertake. Bc3n Voyage. 
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1-1. What Is Analytic Gecwtyir ? 



Chfi^er 1 



66omet2y has been^tudled ^st^oaticaUjrlfor over tvo th(ni6«nd years. 



LcallXi 

&iclid'8 Sa^eiagnts ^ iifalch vas vrliten atout 3^ B«C,, l8 pcqtiu^s -Qte iSDat 
influential mathematics 1v^I>ck)}i \ever publish^t The^ «re undoubtedly 
tracee of It to be fouz^ In the t^rb you vijseSi in your high sduiol course. 

Until. the 17th century^ geoa^ixy vas studied by ^dialt are kiu>iin as 
synthetic methods. The postuljilies i^ealt vlth such g^et^^txlc votLo^fl/s^ point, 
]J.ne^ and angle, and llttle^or no use vas made of mnabers. Jh, the KlementSj 

for exas^e/ line segs^nts do not have lengths. 

. . • ' . ■ ■ * ' 

Ihen ii^the early part pf 'the 17th century ,1iere pccurrejl the greatest 
advance in geon^try since* Eucul. It vas not the-work of one nm—Such • 
advances seldom, if ever, are. InStead, It occywed %ftien the "intellectual 
climate'^ was ready for It . - Nevertheless,' there was one man iSiose naine is so 
universally associated with the new geometry that you should know it, lEhat 
man was Rene DescaiFtes, a French mathCTatician and jdillqsopher^ ^^s&o lived 
f^rom 1596 to 1650* The essential jK>velty in the new geoiaetry was that it 
used "algebraic methods to solve geometric problems. Thu^^it brought together 
two subjects which until then had resmlned almost independent. 

The_link between geometry eaid algebra is forged by .coordinate systaas. 
In essence, a coordinate system is a correspondence between the points of some 
"space*^ €y[id oertcdn ordered ^ts of mi^^rs« (We uae quotation marks because 
^ the space may be a curv6, or the surface of a sjdiere, or some 6ther set of - 
points not usually liiought of as a space.) You are already familiar with a 
number of different coordinate ^sterns, so®e studied in earlier tBath®»tics 
•courses, others met with in other fields^ such as geogrrahy. In element&ry 
algebra you introduced coordinate into a plan€ by drawi-ng two mutually 
perpendicular lines (axes) in the plane, choosing a positive direction on e^h 
and a unit length common to* both, and associating with eaclv point the ordered 
pair^of iteal nujnbers repr^sentlnjg the directed distances of .the point from tHe 
two axes. Q5ie location of a point on the earlii^s surface is often, given tn 

ERIC . . ^ ! • . 



terzDB of latitude and l^i^tAide. An artlllei^yman scm^tlznes locates a target 
hy 88^Qg hov far wo^ It and in vhat direction it lies with respect to 
^an arbltrazy fixed direction established by setting up an €d.Bilng post. IMs 
is vhat is called a polarl coordinate *8ystm for the plane* 



■ I 




^ Figure 1-1. * , , 

point P on a/ right circular cylinder couia be identified bjr laeans of 
the directed distance ajid ^the laeasure'pf thp angle © shown in Figure 1-2. 




J£, Instead of one rig^t clrculcEr cylinder, we consltor' all sudti cyllndera 
with the SG3^ qxLb, jre can locate any point in space by giving; the radl}is r 
of the cylinder on vhich it lies and its "4tfta e- coordinates on that 
cylinder. The resxat is called a cylii«iricBl c<^j«inate;.^Btem for si»ce* 

A fly on a doughnut (a point on a toru^} could bet locaVed \jy w^em of 
the iKasiprea (in degrees, radl^ans^^)^ any other conv^oi^t ixnit} of the angles 
B and * shchm in th^ figure Iwlov.' ' \ " 




Figure 1-3 

^ 

The position of* an artificial, satellite at a certain^ laoisent could be » \ 
specified by giving, its vprticaj, *di stance fromr the earth's sxirface (or center) 
and the latitude and Ipngitude of thfe 'point of the earth *s Surface directly. 




the satellite. 



? 




J 
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The result^! s ccQled a spheHcal coordinate system for space* 



. io. 



1 



' ' \ ... . * F • ' 

' A coordinate system could be set ■iip' e-ven'-for a "space" which- Is quite 

^ irregular. We may tote that your heme address is a ^et of coordinates with 
we locate a partioiiar point , your home, relatiTO to the streets and 
fnu»9 Df the tovn you live in. ""UieBe streets so^d a^^^mieB, vhioh need not 
e straight, are the "coordinate^^nes", *and the-nunibers of the houses on ^ 
item indicate, in soaae- reoaonable vlsiy, the- positions 'along these -li^e^. 




iQfionable way, the- positions along these -li^ee. 
y^stem has been established, interesting B^f^ff 



Once a cobWinate system has been established, interesting se\ 

' * • * kr. ■ _ 

points can be represented by suitable conditions dn their cq^rdindtes. JChe 

equatfon ^ . ' • - • * 

represents the line thnjugfi the points (-1,2) asd (2,^ , vhere we are 
* ' using rectangular coordi^ktes. The ineqtiality 

* ' ^ + (y - 2)^ < 9 

represents the set of points not as far as 3 units distant from. (0,2) , in 
other, words, the interior^ of the circle with radius 3 and center .(0,2) . 
The. equation * ^ 

* fepresents^ the. two lines through the origin making angles of U5 and ^35 • 
' . with the X-axis y ^ ^ 

By xneBXis of coordinate systenp we can, if you like^ arithmetlze 'geomeft:y. 

^ , Problems about geometric figures are replaced^^ problems about nU&bers, 

functifan^, equations, inequalities> and so forth. Thus one -can bring to bear 

the extensive body of knowledge about algebra, ^trigonoiaeliy , and the oalculus 

which has been developed largely since th^*13th century. (In this text we 

shall^use no caiculis, ^ut if later you study, the subject, you will see that 

g . it would hav|B been, in some places, rather Useful po us.) ^ 

^ V ' ^ * 

• The definition of analytic geometrjs given above is of the sort found in 

dl^ctionai^ies rather tftan t^e sort used^in mathematics. It tells us not how a 

* technical term will be used in the remainder of this l^oic^^ut hcfw a non- 

^ technical phrase i s* comi]K)nly used. •As tKfe discussion above indicates*, both 

^ . the subject matter and th? methods of ttjj^ book are already fairly familiar^ 

to you.' You have even put them together in earlien coursefe. For ^example, 

you Jnpw that the graph (in a plane)' of an equatiori of the foi^ 

' Ci) , ' rj ax +>y + c ^"'o 

^ Is a straight l^ne, an« tha| the problem of mcling the intersection of two 
lines in a plane can be solv^ by finding the so*ution^of a system of two 
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equati(^ like (iJ^YcJVg^o Imw the^ the locCisy6f all the^poipta In a ^ 
plaae which f^^^ .;^ar from a fixed llde as they are fr^ a fixe4 point ^uot"^ 
' on that line i[.t^s il ^al^^ a parabola) has an e<iuatlon'Of the ^form 



&PQpe/ Spore 



^if you chocfte'the pro^ef spordii^^lJfe' system. In this book we laball jfcake ^^p 

many such pro]tllems, antl ?y-the time you reach" the end of, it you vill- have 
r •• • ' ■ » 

. some, idea of th^-pov^ .of • the Miev netWod. wl^lch Depcartes and his- contempo- 
J r ^ " , . If ^ i*' » f - ■ % ' V . ■ * 

rarles introduced ihtoi geometry. , . 



" 1-2. Wh£ Study Analytic GeCTtetry ? • *- » * 

. • • * • • • . . - 

' A chief reason for studying analytic geanetry is the power of l^tjs metliods. 

Certain problems can be solved more readily, i^re directly, and B^re slqply by 

such methc^ . Btls is true ribt only for the problems of geoasiet^, arid other . 

branches of mathematics/ h\xt also fpr a vide variety of applications /in • 

statistics/ x^U^ios, engineering^ and other scientific and technical ^.^ields» 

, Using algebraic methcMs to solve geometric preblems nieftnlts. eqpy^generali- 
' zatibn. A resozlt obtained in one or t>ro dimensions can o^en be extended at 
once to three or nsore diBmensions. It is often jUst'as easy to prove a relation 
in space of n dimensions as it would be in space of two or three dimensions. 
In fact, much of the work in higher dimensions is essentially algebra vitto ^ 
geometric .terminolc^. ^ * ^ * ^ 

^ Analytic geometry ties togetlier and allies in a new and interesting 
context' what you have b^n learning about number systems, algeb^, geometry, y/^ 
and trigoncmietry. It should leai to mastery in ha n dl i ng mathemOTics you 
have sttwM.ed previoxisly. As you study this course, you will h6ve many oppor- 
tunities to use laiowledge and methods ^fehat "^constitute your jEresent mathematical 
equip^nt. You will also leam new methods<* Sometimes the new n^thods will 
seem awkward or diff iciilt at f^rst wfien compared with methods you have be^n* ' 
using.' You should" keep in mind that what you are ^olng is learning about the 
mefnods and how to* apply th^m* ^ ^ r 



As Of student, you may at times be (greeted to use a certain method to 
gain facility with * it'. Real jni^blems, whether, in mathematics, science, or 
Industry, do not come equipped Vith a mathematical setting and a prescribed 
method- By the end of tl^is course '^you shou2td have a greater variety of 
mathematical weapons in your arsenal, and ^^^^Bttj^^ ones. YdU shouljd be 
more able then t^o select effective mathematical^j^BW^ to attach problems . 
Urns toother imporffent reason for studying an^^^ie geometry is the value it* 
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13^ haW for ytnf In future, courses not Jus* ccfurses in mathematics Ijut in 
jjm . # ' . 

H^tcs; statistics, Napgineering/ and science in generai* « ^ • ' 

' • ' ' ' IQlere is a cxifrent t5rei^ to'coni)ine analytic gecaneti*y'^d calculus. ,*Wilieii 

'■Uiis' pccui»/ naich that'lS'vOf vgaue;in Ihe >uSject of ^ajybiq igeoi^try is lost/- 
• Because sucl^ a course' is primarily calculus, .only- such parts- of dEtelytic ge- 
^-cone^ry a^^arfe.iim^dlatdly ^usefta*^^^ the calcuJ.xis'l are kept* ^ studyltig' a 
'separate Sburse in analytic geometry, ^cou have a better opporttihjty jCo und^t- 
. stand the coberenbe of the subject! tire divers i,ty of its methods, and the 
r ' vide' variety ojT grpbiems ta ijfeich it 'may be applifed. \ , 

• • • " ' Ono of the jno^t ^Apprtceat i5easons ^f or sti|fdy^ng anfiOytic geomfet^ is^ to 
^ ' ^gain understanding of the iirtei^lgy, of algebra and geometiy.' Algebl^a contri- 
' bujies to malyfcljP gecaaetry by providing a vay of wriilng ^l€^>^^Bhip3 y a 
^ ^ -^^te^hod not only of* proving 'knovni resultp-but blso o£_de*Mving jonevlously un-* 
■knownre^C^. Geoh^try contributes to algebra by provldijig^a way of visu- 
alizing algebraic relations. ^Thfs visualizatiofi, or picture, hplps you to 
understand, the algebraic discussion. In the fraiKvork provi^ed^y a coordinate 
system, you wl^l do gecmetiy by doii^- algebra, and ^ee algebra by looking at 
geometry. Algebra and/ geometry 'Ore iijtemeshed in analytic geonietry; each 
strengthens and illuminates the ot^er. ■ . 



< 




^""^ Coordinate , gystems . * • , 

•T"" "'■"'If * ' . • 

• . In oizr previous study of ijiathe^tatlofe have alredi^ ^countered at* 
least thre^ irajor ipathgroatic^ structt^efe, afltJsjpietlc^ the algebra of 
nuinbers, and 'Euclidfean geometry, ^The. great* GelTmaa matheffiatitlan. I^^vld i 
Hilbert ( 1862-1943 )> shQ\*ed that all ^geomet^c prpbl^ cdul^ be rei^iced to 
probldfls In algebara. Oii^ goal- here need not, be so drastic We are not 
tryifig fto^liainate tile need fDr jieometjcy, but rather, tp es^^lie^ con- 
nections beCveen egLg^ra'and geometry. ^ This will enable to* bring Ao' bear 
pan a single probl^ both tlje power o& aig^raic techniques and the structural 
clarity of g'eSwfetry.- . ' . * ^ 

It turns dut t;hat we are al)le to efSect these connections betwe^ ' 
alg^ebra and geometry^by es^abitshina certain one- to-pne corresiK>ndences 



between real nuaibers and poihts aSnil *l*ne^d between real numbers* and angles, 

Ip o«r Btndy of geoi^try we adtopted*an' i^s^rtant postulate: / 



The Ruler Postulate , The po^nits of a line can..be placed in cbrre- 
sjx^ndence with the real nujabers An such a i^ that 

(l) To every point of the line there corresponds exactly oqe 

real number, ' , ^ , " 

- (2) To evexy rea^l nuii*er there corresponds exactly one point 
of the line,' and ' a 

^(3) The distance between two points is the absolute value of 
the difference of the corresponding numbers. 

We defined such a correspondence to be a coordj^ate system for the^ line^ We 
callj?^ the number cor^esponding/to' a giveh point the coordinate of the point. 

In order to ass^n a coordinate, system to a given line we adopted 
another postulate: 



-ia\e PlacCTiept Poslulate ^ Qivi^^tWb points P and Q; 

•of a line, the coo^rdli!i^te%jrsteifli ca^|e chosen in such a 
way that the* ccKTrdinate of P is sero and the coordinat®^ - 



of Q is i^sitiv^. ^ . , - 

We found these postulates to be extremely useful Trtien ve defined such concepts 

■ .1 » * 

as congruence for segmenlis, and o^der or- hetveennes^s for collineal' points. 
We shall; cwant to review and extend theS^ ideas In tl^ls text, for it is 
through qoordlnate syst^ that we are able to relate the algfebra ornuBt^erfe 
to ^he. geometry of set's of points. We 'shall first extend our n^^tion of . 
coordinate system. . 

In our theoretical development of geometry we had no need to mention 
units; the measure of distance between each pair Of points was" always a fixed, 
though unspecified, nuidoer. We did not need to know wi^at these nun^Ders were, 
but .dtily how the measure of distance between one pair of points coiBpared with 
the iMasure of dii^^ce between^ second pair of iKDints^. Was the first nunber 
as large as i^e sdfcond? Was it larger? " Was, it twice as, large? In applying 
our theoretical knowledge to specific problems kc found that we could use a^ 
units we pleased if w^ ^fere consist^t.in our usage throughout each given 
problem. If we did ^ problem in Inches rather than in feet, the numbtt-s we- 
obtained w^re twelve times as great, but equal distances were s1i;lll measused 
by equal numbers. A greater distance had a greater measure, and a shorter 
distaxice.had a smaller measure, but the ratio of these distances was the 
same for both choices of urilt. Although the measures of distance between 
pairs of points depended upon the choice of units, wi^tMn a given problem the 
measures in one unit were always proportional to the correspoading measures : 
In another unit. 

What we discovered in effect was that relative to a gives point on a , 
line there are not Just two coordinate systems for the line, one oriented in 
each direction. For each point and each sense of direction on the line tftere 
is a coordinate system for the line corresponding to each choice of unit for 
measuring diatanc«. In each of these coordinate systems the Orientation 
corresponds to one sense of direction for therline and the coordinate of tYve^ 
given point is *ero. Since inhere are infinitely many chcrices of unit, th*e 
are infinitely many coordinate systems for each point and sens? of direction 
on the line. 
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. In this text ve are not att^iptlng to^dervelop a rigorous deducrtive 
system as wfe did in g^metry. " Rather we ysnt to .develop and extend the „ 
conce:^ts and techniques vhlch we can use*to solve problems. Our 'basic ' - ^ 
technique vlll be to introduce coordiMite systems. It is so iigjortant to* 
utiltie the •freedom to ctoose ccS^rdlpate systems dn a line that we st§te the 
fol^wing g\iiding j^inciple: ' ' 



LIMEAR CQOlEUaHATE SYSTBi immiFL^/ . T?here exist coordinate 
systems -for any line suHjfchat: ' * . ' 

['1) If P and Q are any two distinct points on^the line 
- and p and' q are any two distinct real nunibers, 
there is a c^ordinatfe system In lAiich the coordinate 
of . P is p 'and the^coordlAte of Q is q . 
'If P, R, and S are colllnear points with 
coordinates p/ q, r, and s respectively in one 
coordinate system and p*, q*, V*, and s« resptfetively 
in a second coordinate syst^. If and Q. are 
distinct, and if R and S are distinct, ^then 



(2) 



1^ 



DEFHSITIOI , If a coordinate system on a line assigns the 
coordinates r and s to the points R and 6 , then 
|r - b) is the measure of distance between R and S 
relative to the , coordinate system . " 

This nicety of exp^-esslon Is necessary when we are trying to explain and 
distinguish concepts ;i*iich are oft€?h (ifonfused* As eur understanding increases, 
we may speak more colloquially, and use whatever level of precision is 
apphopriate to the topic and setting. What is Important is that a lack of 
Precision Should reflect our cttoice and not our ignorance. 

For convenlende, 'and if Ujere is no danger of ambiguity, we shall call 
this the distance between R and S . 

We denote the distance between R and S d(R,S) i 
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'• • Wherever the cpntext 'makes cleaiT that only a single coordinate system . . 
is beih^ con8ij3fer^, we shai;t adopt the convention that a is ,the 
coor^dlnate point of 'A , h is the coordinate of point B , c is thk 
coordinate of point We shall call the point vith coordinate zero 

the^ origin -of the coordinate system. The point vith coordinate oae^is call^ed 

the 'unit- point . < . ' • ■ 

' ; 4 • : 

It is sometimee' convenient to^thin^ -of the directed distance from R ^ . 
*to *S , vhiph VB define to he -t^ie numbeir s - r . . We shall need this ide^ 
in the next section. ' ♦ j *' . - % • 

We.. shall ^so fiflS it ne9e8sairy to lise the notion of a directed segment, 
whi§h we define to he th^ set' who'se 'elements 'are the segment and the ordered 
pair of its endpoin*s, , or. {B,A,S)} . We shall .denote such a directed 
segment by R§ . The directed gegment is sad^ tg- emanate" fr6m R and, 

terminate in S . However, 'we should not? that' directed distance is related 
to the choice of c6ordiitate system and a dfrected segment Is related to the 
choice of order for its endpoint/. jThe length - or magnitude of tHe directed 
segment ^ is the length of RS , or d{R,S). The ordering of the pair 
of Indpoints (R,S) is related to 'our intuitive notion of sense of ^ 
) direction, from R to S . We shall find that this alliance of tHe concepts 
of magnitude and sense of direction in directed segments is basic to our 
development of a powerful tool of analysis in Chapter 3. ^ ^ 

" We conclude with two examples illustrating some of the ideas introduced 
al?(3ve. • ' • ' 
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Exaagle ]D. Let us perform a jjrewtleal e:g>eriment. ^ike - a- niler vhich' 
Xq marked in Inches 'and another vta.<^ Xb marked in centiij^tip's; use each of 
these Timers t6 inBasure th^^istances between USe- pair^ of labeled points^n' 

Figure 2-1. Recford your results and ctsigjare thoa. ^ ^ 

. • ■ ' 



A » » 



/ • 

/ 

/ r 



IP' 



. . : ^ 



Figure 2-1 ^ ^- 

Discussion . If a ruler is old or d^aged at an en(f, we prdfer not to 

measure from the end. When ve n^e the measurements required above|( we 

happened to place :the uititt point of the coordinate system on the inch ruler 

at A and found that in this case' the coord in^!flk\ of B and^ C were 

o 

'* 3 and 5 ^ respectively. When we placed the mUt point at. B ^ we found 
the coordinate of C to be 6 • Since tfhe measure of distance is t)ie 
absolute value of the difference between thfe coordinates, we conoluded tjjat 
in inches d(A,B) | , d(A,C) - i| | , and d(B,C) = 5 | • We made- slmilai; 
measurements using a' ruler marked in centimeter units , 




2.^ . . ... , 



We susssarl^^'^ot^ ineasur$s^t$1^ the follovlog table. 

Slstaxice » • Measvirte • ' Heaattre in 

.in Inches t eentipeter^ 



'*d(A,B) . ✓ aj' \ " 7.3 



, f 8 



4 * 



aCA,c) * J. I 'v 



r 



How ao tEe8e results ,con5>are vith yours? , - 

^ We conpar^ the measures to each other, first in inc^ies asi^ then, in 
centimet^a: * • ^ • ' , . ^» 



8 

# 

7 



4 



^d^^7^" * - its " 



The accuracy of our results cannot- exceed that of our measui^esients. Within 
^he8e% limitations ye found that the ratios of ^corresponding measures of? 
distance were independent '^of the^units• 

Then QOmp&red the measurements in centimeters to thosef In inches for 
ff^he same pairs of points and for the perimeter of AABC : 

1*3 9 

d(A°,B) : TT - 2.5^ , 
^ B 



d(A,C) : i~ = 2.53 , 



f 
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l>erliaeter of iiyfflC . . ' 

■ , • -■ , ^1 " • • ; ■ 

within the limits of acciiracy we coiS-d eacpect, we found that the 

cdrreeqponding measurCTient^ .In centimeters and in, inches were proportionals * 

Exagyle 5. A**strdl^t |road IW)- miles lonjj connects town A to towtf 
B • A driver leaves town A for B at the s^mie instant as aiiother driver 
leaves town B for A ♦ Ttxe drivers travel at the unifoCT rate^ of speedy 
kk ft* per sec. and 88 ft. per sec. respectively. How soon will they i^eetf 

Discussion ^ In si>lvihg this problem we must Biake sosie, decisions about 
units. Some.informatioi!^ is given in terms of miles and som^in terms of ^ feet* 
Also WB are not told in what units to esgpress -the answer. Suppose we try twa 
different approaoho^* Ve BhaH first adopt 'feet and seconds as the units for 
disl^ce and time* , 

(1) We must express loO miles in feet. !Ilie constant of proportion- 
ality is 5,280 H. per mile. « , 

m 

180 (inl.)x^(g;)'= 950,l^ (ft.). ' 

The inalusiofl of the name of the ^unit next to the nustoer of units is 
- a common practice, in the physfcal sciences and engineering* It 
provides an immediate reminder^ of the significant^ of the calcu- 
lations, ^uch a pract'ice is called a mneupnic (from the tJreek ' 
0 * fiyaffBtii meaning to remember). 

^ We let t represent the nui^er of seconds which will el€g>se 

^ before the two drivers m^et. We interpret the prohl^ with the 

following statement of equality: • 

kht 4. 88t ^ 950,400 , 

which is equivalent to 

' • 132t = 9^^,400 

and t = 7,200 . 

The drivers^ will meet in 7,200 seconds. 



i 



, . - ^ • ' ' ^ . . ■ ■■ 

This result is such a large number that it may not appeal readily fid. our ^ ^ 
intuitive s^ise of diira-ttlbn of time. We niight convert this meas\are to 
different units .in the hope that the answer will be iiK)re , intuitively meanirig- 
ful. If we convert to minutes by dividing by 60 ^ we ohtaix^ 12Q .^minute&, 
which is clearer. If we convert to hours by dJLviding by 60 \ again', ye 
oljtain 2 hours, which Is probably the^st satisfeujtory' expression of the 
answer. , ' . , . ' 

If we are able to Aittcipate the relative size of the answer, wb majr be 
* * * " p'* 

able to choose units which will obviate the need to make cKangea 'at the end. 

• ^ • i * V . ^ f • 

In this problga we might well have realizied that hours wer*^ an appropriate , 

unit foretime. * We mights also hiave simplified the arithmetic had we used / 

railed as' the un^t of distance. Our sblutioil would then have been; ■ 

(2) We convert tKe rates of speed to miles per houi*. The constants of 

proportlfona^fly are ^g^* niile per fodt, 60 seconds, per minute, 

and 60 minutes per hour. Bius we obtain 

^ ^Bec.'^^^ ^ft.^ ^ 1 ^min.'' ^ 1 ^ hr. > hr. 

- ' and *' ' 

* 

We let t represent the number of hours which wllL ^J^se 
before the two drivers meet. We interpret the*problem with the 
sta^bement of equ^ity, 

30t + 6ot = i8o . 



This is 'equivalent to 

90t - 180 

/ 

or / . 

t = ? . 

The drivers will meet in. 2 hours. 



The first exaatole illustrates the assertions which led to the formulation 
of the Mnear Coordinate System FVinciple. It also suggests that when we 
change the eoordinate System, we do not lose the notion of congruence for 
'segments, which is defined in the SVBG Geometry on the basis of equal ler^ths. 
In the next secTtion we shall se^ that the concept of order or betveenness is 
also preserved in linear- coordinate systems. 

. ■ Ik 



2:1 
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The se?ona ejrang)!^ points up the necessity for using .units consistently 
throughout the solHtiQn of a problem. It sCtso illustrates the advwitages 
Inherent In the freedca^ to chcs>se th^ scale or uoits>of a coordinate system, 

' • - ' ' . . 9 

• ,1 - Exercises 2->X 

•1. Take a sheet of ordinary lined paper and use a lateral edge to make a 
"ruler" by assigning coordinates to the ends of' the lines. ,Use tjiis 
ruler to "measure*" Pi'^e 2-l» . F|lloKlng the outline of th^ discuffsioiC/ 
in ExM3)le 1, coiBpM-e^yp6r ^measurements to esQh other and to the meJisure- 
ments in JSxanple 1. Find the constants of proportionality yhich relate 
the units of your ruler to inches, and centimeters. • , 



2. In Exarigple 1 it was assert^ that our results agreed wittiin -filie 
limitations of accuracy vhich might be ^escpected. Show, that the accuracy 
of our results is consistent wittt the accuracy of oup meaisurCTients. 

We ohtMned 2.53 rather than ^.2^3k as the constant of - 
proportionality relating one meeisurement in centimeters to the corr^ 
sponding measurement in inches. Justify that tJiis discrepancy is not 
significant. 

3. Assume that trie earth is a sphere of radius 3963 miles; A man of 
extraordinary powers is able to walk conrpletely around the earth at the 
equator. Daring this trip his head is^ always 6 feet farther from the 
center of the earth than his feet are. 'Kxus the path of the man's head 
is longer than .the path of his feet. Determine how much longer. 

Let IT ^ 3t'l^l6' , Try to anticipate the appropriate units for the 
answer. 

Whar is the scale of the map on ^ich the '^distance" from KeV Yoijk to 
San Francisco is shown by a line 7 i inches long? 

5. (See Exercises 3 and h,) A model of the earth, c5r globe, has a 2k 
inch diameter. What is the scale of this model? How 'long on the 
sur/ace of this model would be the "line" from New York to San Franeisco? 

6. A bicyclist* starts along the road at the rate of 8 miles per hour. , 
. Two hours later his frien(J starts after him on a scooter at the r%te of 

32 kilometers per hour. 

(a) ^pw far apart ar'e the friends one hour later? f ' 

(b) How long and how far have they traveled vhen they meet? 



> 
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7/ Two bicyclist^ start the same tifefe from points 30 miles apajrt^aad 
ride directly tovard feach other until "Eh^ meet. The first >ides at 
miles per hour^ the second at 5 miles per Ijour. At the instant they 
start /preposterous bee steCrts fjrom the^fi^^t, bicycle tovjard the second, 
flying at an unvarying i'ate of 10 miles per hour. As soon as he meets . 
the second bicycle, 'the bee turns back dnd flies to the^'fiALl^ then back 
t^^e fefecond, .. Sb continued to do so until -ttie tvo riders meet* " 

(a) How'long in tj^ anff distance was the. first leg of the be^.^s flight?^ 

(b) What was the total length of the bee«s flight in time distance? 



2-2.. Analytic Representsttons of Points an<J Sub^elg of a Line . 

In thi0 section we confine our attention' to a line on nftiich a coordinate 



system has been chosen. We shall let 
— A if^n for th^t of B**, and* so 'forth. 



stand for the coordinate of thet 



point A f d: lor ^n^r^ ui x> ana t^u lu-ruii. - ■ f 

We shall show that the description of betveenness of points is preserved 
in any linear coordinate system. We shall also show that conditions on points 
and subsets of a line may be, represented by means of relations involving ^ 
coordinates. - 

In the S^5Sa Geometry we defined the concept of or(?er for thi^pe distinct^ 
coYlinear points. The point B Is between the points' A and C if and 
only if dj[A,B) + d(B,C) = d(A,C) . We proved that iftien B is between A 
and] C , Either a<b<c o^'a'>b>c; that is, th^ coordinate of 3 
is/between the coordinates of^ ^ and C . We also realized that the 
k)ifverse of this theorem is true^ La^ly, we used coordinates to deduce that^ 
of three distinct collinear points one and only one is between the other two. 

If we change to a coordinate system with a different unit,^the measures 
of distance will change, but the Linear Coordinate System Principle assures 
us that the ' corresponding new distances will -be proportional to the ol^. If 
a, and c are the original coordinates of three distinct collinear points 
and a*, b^, and c* are new coordinates, then 

}a« . b«! lb! - c»! 



cli 



la, . b 



a - c 
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If ve let the posttlve real nuaiber k represent the equigl re^tios^ above, we 



■ (1) . . |a« Tb.} tckla.-bl'; |b\- cMI^M^^'Tcl -.c«l'-k|a- 

In the original coordinate system ve denote the measles of ^stance between 
points hy^ d(A,B) , d(B,C) , and d(A,C) ; in the nefv cc^rdinat^ system ve 
denote the measures by ' d*(A,B) , d»(B,C), and .d»(A,C)\; By Lfii^tion, 

(2) •d(A,B) = |a - bf,, d(B,c3'= |b - cj., d(A,C) 4. |a - cf ,^ ■ 
and *' . *, 

(3) d«{A,B)*= |a» - b«| , d»(B,C) = |b'« - c^l , d«U,C) J |a« r c'j . 
Now if B is between A and C , then by definition, 

d(A,B) + d(B,C) = d(A,C) . ' - 

If we substitute the ^equal quantities from (2), we obtain 

|a - b| + |t - cj = |a - c[ , . 
lAiieh, since k jfc 0 , is equivalent to ' ;i 

k|a - b| + k|b - c| = k|a - cj, . • ' • 
If we substitute the equa^. quantities from (l) and (3), we obtain first . 

|a' - bVl + |b» - 3»( = |a» - c»| • 
and then ' ' • 

d«(A,B) + a»(B,C) = d»(A,C) . 

Thus, the condition describing the order of_points on a line is independent' 
of the choice 63 coordinate system for the line. 

Once we hdve estaJ.lished a criterion for describifhg the order of points 
on a line, we are abl^e to define such basic geometrip entities as segments and 
rays. Wevrecall that- the segment. PQ is the set which contains P, Q, and 
all^points between P and Q , while the ray P^ Is the union of PQ and 
the set of all points R such that Q is between P and ' R . . 

W* described the points between P, and Q as interior points of the 
segi^t . Since^an interior point of a segment divides ' the segment into 
two! other segments, we sometimes call it ah Internal point of division . We 
^ i(^entify a point of division of a segment by stating the ratio of the lengths 
of the new segments. 



\ 



V 



,Jr , ■ * ' ^ — ^ 1 . Y 

l>ta?'iJi JL^,' i ON / / poSWSf diiisi<3ta^ Is sai4 to. divide thg ^ 
^ yegnteat thg ratio ]|r^*:ff .and only i^*^ ' ^ 

If ve'let p, q, and x represent €he -coordinates off P, Q, and X in 
^co«rdlna|ie* systeft for t£e >ine^ we mey; va^lt? . '* ^ , 

Since X is between P and^'ft* 'we taioy that either - p'<^jf,V: q .or 

p > X > !Phus we may remove the absolute value sign§;-to writi either 



q - X X 



5 

d » 



.I. 



which laplies 



dp 



cq*- 



cx or dp - ^ = cif - cq .» 



These are both equivalent to ^ ^ 

cx + dx ^. dp +-cq , 



f 



df^ + eg 
^ ~ c + d » 



(5) 



X = 



^ d 
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c+d^' c+d^ 
- ' . * 

Since c and d are either both ^}0^itlve or Both negative, x ^ is always • 

defined, in temis of p, q, c, and d • 

Equation (k) suggests the description of the coordinate of th^ i>oint or^ 
division as a "weighted average" of the coordinates of the endpoints of tJie 
segment. The phrase ''weighted average" is sggg^ested by the placement of a 

, fulcrum. When two different weights at the ends of a lever are in balance, 
the fulcrum is closer to the heavier weight than .tp the lifter weight. ^ In 
dc^tennining a point of division the heavier "weight" is assigned to the 

.coordinate of the closer iKJint and the lighter "wei^t" to the coordinate of 
the wove remote p^int, ^ 

ExBiriple 1. Express the coordinate of ^the midpoint of segment PQ ^in 
terms pf p and q , the cooi^dinates of the endpoints. ^ . , 

25 " 

* 18 



^ SolutibfL By definition the midpoint X of a sefement is an Interior*" 
point equidistant Croai the endpoinjs.- Thts it is a point of division .which ' 

diodes the segment in 'Sthe ratio one ^o one. > In this case c ahd^ Vmay ' 
both be on^, and we may write . - ' ' x 



* * • \ 

or * 



2 



» ■■ . • 

' % • 1 1 



• In Equa^n (5) above the coefficients of p and q .addmp to one.' 
If we let ^-1- = a and <qpT^'= b , we may write 

X = ap + bq , where- a > 0 b > 0 , and a + b = 1 . 

It is interesting to sl^e jrtiat happens here if ^e omit the r^uirement 
that both a and b be positive. Oar equation is now 

^ X = ap + bq , where ^a*+ b = l'. - 

If b is zero, a .is ^one and Equation (6) gives the coordinate of P .. If 
a is zero, b is one and Equatfon (6) gives the coordinate of. Q . 



R' P S Q . T 



H *l ^- 



U V V 

I 4- J_ 



Figure 2-2 

^ In Figure^2-2 w« have indicated several points on line ^ , as veil as their 
' coordihates. For convenience let us assume that r<p<s<q<t<u<v'. 
. We have already seen that if S is the midpoint of to s = ^ -o + I n . 
that is, in Equation (6) a = b . Also, p and q are determined by the 
conditions a . 1 , b = 0 and a = 0 , b . 1 respectively. Let 'us suppose 
that d(P,Q) = d(R,Pj = d(Q,T) . d(T,V) and that U is the midpoint of W. 
We may determine the coordinates r, t, u, and v in terms of p a^d q . ' 
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The assuB^tion for order of the coordinates pennits us to rawve tke absolute 
value signs and vritej ^ ' 



0 



q - r 2 ' t 2 ' v • p 3 

vhidi-iaqply ' . ^ 

. /- r = 2p - q , t = -p + 2q , and- v = -2p + 3q respectively. 

Since ;u is thtf MdJ>oint of W , ^ - 
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Had ve chosen to:, orient the coordinate syst^ in the ^^gpj^Blte dir^^tion, ve 
would have obtained the' same results. * . 

Ip every case above the sum of the coeff^^eients of p and q is one. 
This suggests that any point 'on the line jnay Ue represented by adc^ting . ^ 
appropriate ^coefficients in Ration (6). This is true, although we do not 
prove i\ here. When a variable is expressed by a form similar to the right 
side o^kiuation (6)"^ we say that it is expressed as a linear combination 
of p and q . We shall have occasion to develop this idea in the next 
chapter. We may describe our conj'ecture here by saying that the c(»rdinate. 
of anSr point on a line may be expressed aa a linear combination of the 
cebrdinates of two given distinct ix5li?ts on the line. 

In view* of the restriction on Equation (6), we really need only one 
variable to represent the coefficients. If .we let t = a , then b - 1 - t^ 
jand we may write ^ ^ 

(7) = t]^ 4. (X - t)q where t is any real number. . 

^^us the variable >3t is related to thd- constants p and q by "a siscond 
variably t . It Is clear what x represents; it is the coordinate of a 
point on the line. We know that t represents a real nuM)er and we "iSan see 
that each Value of t detem^es a unique value of* jc , but i^t is not ; 
ii^iediately clear what t names or measures. Our primary interegft-is in thf, 
variable x ; our interest in t is definitely subordinate..^ When we express 
one or iMre variables in terpis of yet another vari^le, we frequently say that 
we have a parametric representation . The other variable is called a. parameter 
We shall want to deveipp this idea in Chapter 5. 



In .the present c^e ve <see that >Alen t '= 0 , x = q j; vhen t = 1 
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X =. p ; and when % = , x=|p+^. This suggests the e^^Xan&tion of the 

role of t . The Lineal Ctoordinai^ Sysf an" Principle assuras ua tt»t there 
exists another coordlriiate system on th^ line PQ in vhlch the coordinate of 
Q is zero and the coordinate of P is one. A point whose coordinate is 
rerpresented by , t in the latter coordinate syatem is represented by x In 
the former coordinate syst«a. The coordinates In the tvo coordinate systaM 
are related by Equation (7),. - . . 

V. * * • 

We have developed several different ways of describing a point on a line 

by m^ans of equations involving coordinates. We call such des.crlption8 
analytic representations. We now turn to analytic representations of subsets 
of the Un«=», ■ r - 

V '/ 

In earlier courses you Mve ^tidied a nun4)er of subsets of a line. 
Among tHem are the following: « 

AB , the line through A and B ; ^ \ 

\ ^ 9 ^tl^e^;ray whose -endpoint is A and which contains B ; 

^ A5 , the segment with endpoints A and B . 

It is possible to represent these and many other . subsets of a line 
analytically. We consider ainumber of exanqples below, a«d ask you to study 
others in the exercises. In what follows, when we sa^ that b is between 
a and c (a , b, and e real numbers), ve mean that either a < b < c 
or c < b < a . Then B ,is between A and C if and only if b is 
between a and c • 

consists .of all points *X with any r^al. coordinate x 
can 'say tM^^^'-i^he fprra ' 

A^ = '{X: X. is real) 

4 ' 

or in the forta 

AB =_(X: X- > 03*. 
Further • 

P = (X: a < x < b or • b < X < a] ' ^ 

i , . • ^ 

A^= (X: b > a and x .> a , or b < a and x < a) . 
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lliere ar^ tvo related |)roblems vhich crop upVrequentOy in anrflS^ic 
geometjy, one of which is illustrated above.. A set S ®f points may be 
specified by geometric conditions, and we may ask for an analytic condition 
satisfied by the coordinates of points of S but not by those of any other^ 
points. *0n the other hand, w^ imy be given |n -analytic condition and want to 
know what points have coordinates satisfying it. You have met both these 
problems before. The analytic condition was usually an equation, but you 
have also considered inequaUties, and some of the conditions considered below 
liivolve other. relations. «hen a set of points consists of those points 
QtxoBe coordinates satisfy a certain conditigji, we call the set the ^^a^ 
(or locus ) o'f the condition; we cali the condition, a condition. for (or of) the 
set. These ideas prove more interesting and more important in a plane and in 
^ce, but we shall discuBB some examples on a line and ask you to work on 
others. 



. Example 1. The grai^ of |x! = 5 , ^ch Is also the graph of x 
is the set of points with coordinates ±5 • , 



± 



_l 1 ^ 

-7 -8 -4 -3 -i ^1 



J. 



J. 



X 



J LX 



I 



6 



This illustrates the fact that there may be different conditions for the saa» 
set of points. (Of course this l-alses the question of vdiether the conditions 
are really different, but* at least they werp expressed diffterently . ) 



Example 2. To find the graph of |3x - 6| < 9 , we observe that 
.l3x - 6| < 9 -is equivalent to 3\x - 2|. < 9 , or |x - 2l £ 3 • The graph' 
is shown below. 



-7 -9 -4 -3 -2 



I t 



The use of the absolute value in measuring distance l|s an aid in finding the 
graph. Thus, the graph of the soluUon set of |x - 2| < 3 may be inter- 
preted as "the set of all points of the line whose distance from the point * 
with coordinate 2 16 less than or equal to 3 • " ' 
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>le ^. Find an anal^c condition for the set of points- sh&wn belcv! 



-I 4 - i -i -i Jz -! h r 1 M i i ; 

'(The heavy dot ig a device for Indicating that the right endpoint is i.n the 
set.) An analytic condition for this set is 

-5 < X < 4 . 

^^^^^^g !L' Let the coordliites of points. 0 , A , be 0 , ^ , x , 
respectiveJly. Find all poipts X sucl^^that 2d(0,X) + 3d'(X,A) = d(O^) 

m. • 

Solution. *For snj- X , -(C,X) f d(X,A) > a(C,A) . Sien, unless 
d(0,X) i d(X,A) = 0 , we have 

2d(0,X) + 3d(X,A) > d(0,A) . 
Thus there is no solution unless 0 = X = A . 



Exercises 2-2 

1- 



er|c 



t 

Represent graphically;^ 






(a) = 1^ 




|x . r.I23| < .456 


(b). (x -3f ^ 


(l) 


|2s + 2| < U ^ 


ic) |r . 3| = 2 • 


im) 


|3x + 2| - r 


(d) X + 3 < 7 


in) 


sin xrr = 0 


(e) 5 < 2 - X 


(o) 


2 sin xrr ^ I 


(f) |t + 3| < 3 


(p) 


cos e > 0 


(g) x(x - l) > 0 


(q) 


jX - aj < 5 , where 


(h) (x - l){x 2) < 0 




and 5 = O.kh 


(l) 4 < - 4X 


(r) 


|x - a| <* c f where 

and 0 =2.35 
% 

m 


* 
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Represent ai»3ytlcally; 



(a) I t I, t 'i ^ I < 



(b) III ' » { ' ' ' 



(f) 



(g) » I ; * i I * ' ; ' « 



(c) - ' t ' ' ■ f (ii) ' ' ' Q ' ' ' ' ' ' » 



t I I 



(e)' I I I t » ^ I i I I 



. (For Parts (i) and (j) aBSume the 
same pattern throughout the line.) 



(J) 



Points/ 0 , U , A , and X have coordinates 0 , 1 , a , and x 



)li!bv 



respectively. Find all values of x that satisfy each of the folTbwlng 
condltidns: 



(a) d(0,X) = 3d(0,A) • ■ 

(b) d(0,X) + d(U,X) = d<0,U) . ^ 

if P and *Q Have the coordinates given, and if M , A , anrflB are 

the midpoint and the tvo trisection points of ^ respectiveljr^flna, 

in each case, the coordinates m , a , and b : 

(a) p = 3 , q = 12 ^ 

(b) p = -2 , q = 13 ' 

(c) p = r + B , q = r - s 

(a) p = (r + t) - 2 , q = (r + t) + 4 

(e) p = 2r,, q = 3t ' • 

(f) p = 2r + 3s , q = 3r - 28 • 

(g) p = r^ - r , q = - s * 

(h) p = r , q = s 
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5. . In the equation of the line t%i ^ 

, X = ap + bq , vhere a + b « 1 , 

X , p , and q are the cCK>rdinates of the points X , and Q 
respectively. ^ 

Find the relative positions of X , ^ , and Q if 

(a) a = 0 . (4) a < 0 

(b) a. = 1 - (e) a > 1 

(c) 0 < a < 1 (f) b > 1 . - ' 
» ^ 

6.. Iti the equation of the lifie PQ 

X tp + (1 - t)q , ^ere t is real, 

X ^ p , and q are the coordinates of the points X , P , and Q 
respectively. For what value(s) of -t is * ^ 

(a) d{P,X) 2d(Q,X) (c) d(X,P) 2a(P,Q) 

(b) 2d(P,X) d{Q,X) : (d) d(P,Q) = d(Q,X) 

Exercises 7*10 are based upon the following situation: 

Points A , B , C , D , and E are on the edge of an ord4.nary 12 inch 
ruler at positions corresponding to ^f^^s^^s^^'f and 9 
Respectively. TJiese numbers are the inch- coordinates a , b , c ^ d , tad e ^ 
of the corresponding points. 

T. nr^ the raucs (a) ^ ! W ^ , M ^ . ^ 

8. E3cpress 

(a) b. ^ a lineaj* cosibi nation of a and c . 

(b) c ap'a linear coidbination of b and d / 

(c) d as a linear combination of c and e , , 

9. Find th^ Inch-coordinates of the trisection points of AC ; of 15 ; 
. of CE • 

I ' • • 

10. Find the inch-qoordinates of p^nts F , Q , and R such that 
\ ^(A.BV 2"- d(B,C) 2 ^ d(C,D ) 2 ' 
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2-3. Coordinates in a Plane f 



one 



You will recall that the ^ot^of a plane can be put into one- 
correspondence with the ordered 5&?d.r^> of real 'nunbers in the following way. 
Any two perpendicular lines in the^^a^e^are selected as reference lines or 
axes . Ttiey are called the x -axls an^tA .y 7axls . ^ The intersection of these 
lines is called the origin and denoted . On each axis we use a 

coordinate system with 0 * as origin. Nornia3(ily the two coordinate systems 
should use the same units. It U ppssible^'tso tise different coordinate 
systems on the two axes, but this introduces bon$)li cations, a few of which 
will be considered in exercises* If P is aiiy point in the plane, let a 
and - b be the coordinates of the prdjections oi-^P . onto the x-axls and 
y-axls respectively. Then to P we assign the orcj^red pair (a,b) of real 
mimhers^ rectmgular coordinates ) . The first is called the x-coordlaate or 
abscissa of P , the second the v^ -coordinate or ordinate P . Conversely, 
if (a,b) is an ordered pair of real nunibers, there is a u4ique point P 
with abscissa a and ordinate b . It is the intersection^ of the line ^ 
perpendicular to the x-axis at the point 'on that axis with coordinate a , 
and the line perpendicular to the y-axls at the point on that axis with 
coordinate b , . 

In sketches it is customary, though not necessary, to show the x-exis 
horizontal with its positive half to the right, the y-axLs vertical "with its 
positive half upward. In all sketches we place an * x by the end of the llhe 
representing the positive half of the x-asds and a y by the end of the line 
representing the positive half of the y-axie. Thi* is essential when we^do 
not indicate the coordinates of any points on the axes. , 

y 




Figure 2-3 



customaiylly reserve the letttr 0 ta represent the origin, but do not 
always Include it on a sketch unless we refer t© it. 

You 'will also recall that if Pq = (^*yo^ ^1 ° ^^i^yi^ ^ then th^ 

distance between the two joints Is ' 



d(PQ,P^) ==V(x^Tx^+ (y^ ^ y^f • 



We turn now to the problem of expressing the coordinates of a;iy point 
P » (x,y) of the liije L determined by the distinct points P^ = (>^^yg) 
and P^ = (x^,y^) in terms of the coordinates of . P^^ and . Let us 
assume for the time being that ^ f ^0 ^ ^1 ' 



* 


' J ■• 

P 






















L 






1 


0 


X 



Figure 2-4 

In Figure 2-1^ P^Q is perpendicular to the y-axls, PQ and P^R to the 
X-axis. Then triangles PqQP ^^nd PqRP^, similar, and hence 

/ 

.(1) - _3 .__2 , ( 



Be sure that you see that the same equation holds if the order of ^ * ^ 

anfi P is different. 

/ ■ . 

S t 

If the point P is an internal potnt of division which divides the 
segment ^q^j the . ratio ^ , then each member of ^^q^atlon (l) is equcLL 



to 



c 4- d 



and we may write 



c 4- d 



and 



yr yo 



G + d • 



If we solve these equations for x and y , we obtain • 

in vibich the coordinates Of the point of division are eigpressed as weighted 
averages of the coordinates of the endpoints of the segment. 

■ ^ 

We are nov in e position to follov exactly the same developioent as in 
Section 2-2. * * . 

If P is the midpoint oT P^P^ , it divides the segment in the ratio one 
to one. In this case ve let c - d = 1 and 'Wjrite 



x=— ^ and y=— g—. 

^d c 

J If in^Equations (2) we let a = — ~r and b = ? . ve may write 

y ^ ^ e + d c + d' j 

X =s aXg + bx^ and y = ay^ + by^ , vfeere a>0,b«>0, and *' a + b = 1 • 
If we omit the requirement that a ajid b be positive, ve obtain 

c 

(3) X = rXq + bx^ and y = ay^ + by^ , where a^ b = 1 » 

* •» ■ " * 

An analysis pimilar' to that of Equation (6) in the previous section would 

suggest that each point P = (x,y) bn Pq^^^ corresponds to a unique choice' 

of numbers for a and b in Equations (3) , and conversely each pair (a,b) 

!»• Equations (3) corresponds to a unique point on Thus the 

x-coordinate of a point on a line loay be represented by a linear conbinatidn 

of the x-eoordinates of two given distinct points on the line, whi^e the 

y-^coordinate is represented by the same linear combination of the 

y-cDordlnates of the given points, 

La^ly, we' recognise that, because of the restriction on the coefficients 
in Equations (3)^ one variable will suffice. If we let t = h , then 
a = 1 - t and we obtain ' . . 

X = (.1'.- t)xQ + tx^ and y = (1 - tjy^ + ty^ 
or' ■ . • 

, X = Xq + t(x^ - Xq) 

ik) where t is real. ' 



y = Yq + t(y^ - y^) 
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This is a parametric representation of the point P (x,y)' on the line , 
^qP^ ^ vhere P^ = ^^f^Q^ ^1 ^ ^^'^1^ . As, we shall see in Chapter 5, 

this representation is not only useful; for certain problems it is essential. 
^ we observed in the previous section, the parameter t represents the 
coordinate of P in the linear coordinatqf system with origin P^ and 



unit-point P^ 



The coordinate system for a plane which we have described and used above 
is called a reotangular or Cartesian coordinate syst(^ . The name "Cartesian" 
comes »from Descartes, who is credited with being the first to introduce the 
theory of algebra into the study of geometry. 



■ u 



Exercises 2-3 



If P and Q have the coordinates given, and if M , A j and B are 
the midpoint and -Che two trisection points of PQ respectively, find 
the coortlinates of M , A , and B in each case: 

(a) 

(c] 



(a 

(e 
(f 
(g 

(h 
(i 

Let 
and 



P = (0,0) , Q = (6,9)^ 
P = (2,3) , Q = {8;i2) N 
P = (5,12) , Q = (6,-7) 
P = (^^,-3) , Q = r-9,10)' 
P = (-6,-3), Q = (6,3) 

P = (-3,-6), Q = ('6,-3) ■ • 

P = (2B,5t), Q = (8,-2t) 

V = {kr + 2b , -3r 4- s) Q = (-r -^s , -r - 2s) 

P = (x,y) be a point on line P^P^ , where P^ = {^/Yq) and 
(x^,y^) . Express x as a linear combination of and 



y as the same linear combination of anS y^ 



0 

In the 



following cases: 



(a) 
(b). 
(c) 



"0 



'0 



(2,3) , = (6,1) 
(,1|,5) , P, - (2,-7) 



Pq = (-3,-6) , P^ = i-6,k) 
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- i . . ' 

3. Let P - (x,y) be a point on line f^P^ , lAere Pq = (^/yQ^ 

P^ B (x^,y^) . In the following cases e:Q>resB coordinates of P by 
^a parametric representation* Choose the parametef t so that 
{x,y) = P^ when t G snfi {x,y) =5 P^ when t = 1 . 

(a) pQ 31 (2,3) , P^ = (6,1) ■ ^ 

(b) P = , P « (2,-7) 
^ (6) Pq = (.^-6) , P^ . (.6,4) 

If. In the development Of Equation Cl) in Section 2-^3, we assumed that 

Xp and yQ ^ ' ^ ''^ ^0 ^1 ! equation does 

not hold, but Ekjuatiorv ( 2) in Section 2-3 does apply. Consequently, 
the reat of th*» f^evelopment Is valid in either of these cases. 
Justify that Equation. (2) applies yhen the conditions are relaxed. 
(Hint: Show that the problem reduces to the situation discussed in 

\ Section 2-2. J 's 

5, 'Apply the condition given by Equation (,l) to decide whether the points 
A , B , and C with the coordinates given, are collinear. How c€ui you 
^use the formula for the distcuice between two' points to determine whether 
three points are collinear? Use this method to check your answers. 

Ca) A = (7,0) , B.- (-3,-6) , C = (22,9) \ 
(b) A (-1>),'B = (3,-1^) , C = (-5,-6) 

6* For vhat value of h is the point P (h,-3) on the line determined . 

by A = (1,-1^ and B = (^,7) ? ' . ^ ^ 

• ^. ' if 

2-4. Polar Coordinates , - * , . 

A rectangular coordinate system i^ certsiinly the most frequently •ecqsloyed 
coordinate system, but it is not always the best choice for a given problem. 

The rectangular coordinate system is based upon a grid coursed of two 
mutually perpendicular ^systems of evenly spaced parallel lines in a plane. 
An alternative is the polar coordinate system ^ ^ich is based upon a grid 
eomj^sed of a systan of concentric circles and a system of rays, Emanating 
from the common center of the circles » 
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The paths from one point to aiM>ther on a rectangular grid ^sually entail 
iftDtion^along two adjacent sides of a rectapgle, but the natural paths of \^ 
physical objects are usually more direct* A. football player does/not pass 
the ball to follow t^e deceptive path of -a receiver. Jlather he looks for the 
receiver in a certain area. If he finds the receiver uncovered, he vill 
try to pass the ball just so far in the direction of the receiver. To apply 
l^iis idea in the plane we require a frame of Reference. The frame of. reference 
consists of a fixed point 0 , called the pole^ and a fixed ray ^ , 
called .the polar axis. The ray has the non-n^egative part of a linear co- 
ordinate system with the origin at 0 . "Bie position of a point P is 
uniquely determined by r and 6 , its polar coordinates (Figure 2-5a). 



(3,60°) 





^® pQl^ angle Q is an smgle generated by rotating a ray • OR 

» 

about 0 fyom in either -direction as fiar*as 4esii*ed and terminating the* 

rotation in a position such that the line contains P . If we rotate 

in a coiuiterclockwise direction, has a positive measure; if 0? is ro- 
tated clockwise, then£B has a negative measure. 

IWIHITION . If 0? contains P , then the! polar distance ^ 

r = d(0,P) ; if P lies on the ray opposite to 0? , 

then r = -d(0,P) . . , * 

Commonly used units of measure for polar angles are degrees and radians.* 
When the usu€lL symbols for numerical measu:fe of angles in degrees, minutes 
and seconds ai'e omitted, it is understood that radian measure is intend^. 

The polar coordinates of a point are written. as an ordered pair (r,6) , 
where r is the polar distance and $ is a measure of the polar angle. If 
the angle is measured in degrees, the symbolism alone indicates that the 
ordered pair represents polar coordinates. If the me^ure of the angle is 
given in radians, the ordered pair of real numbers is inStn^nguishable from 
the notation used" in rectangular coordinates. If the context ^3oes not make 
clear that these are polar coordinates, we must say so explicitly. If no ^ 
indication is given, we shall assume that rectangular coordinates are intended. 
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The pole is a ^special point. When r = 0 , the pole is described. In 
this ease [q. may have any measure* (0,0) , (0,60°) ,^ {0,l80°) , and (O,^) 
are all names for the pole. We ^suetliy write (0,0) to indicate that B 
may be any number. !Ihe pole is not the Qnly |K)int whose representation is 
not unique. 

A rectangular coordinate system establishes a one-to-one correspondence 
between points in a plane ,and ordered pairs oS.iaaL-«t&abers, It is important 
to observe that a jfelar coordinate syst^ ctoes not. In polar coordinates each 
ordered paiT corresponds to a unique jK5int in 'the plane, but each point is 
represented by infinitely many ordered pairs of numbers. 

For exanside, seme other coordinates for the point P shown in 
Figure 2-5b are (3,^^20*) , (3,-300°) , and (-3,- |n) . See Figure 2-6» 



(3,U20°) 



1^ 




(a) 




In subsequent figures ve shall delete the arrowhead from all rays except the 
polar axis. , \ ^ 

The lack of a one-to-one correspondence between points and ordered pairs 
of numbers necessitates car^^en ve use polar coordinates, but the* advantages 
are som'etimes great indeed. For exaslple, the figures which ve have used here 
may remind you of the figures ^^ich illustrated the definitions of the 
"trigonometric or circular functions. As you will discover in subsequent 
chapters^ the analytic representations of these functions and allied rellf&ions 
are often simpler in polar coordinates* 

9 
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Exanyle 1- Plot the points A , B , C , and D , vhich have* polar 
cooraiDatea (2,1^5 ) , (3,-120 ) , {l,|) , and |) respectively. 



Solutibn, 



V 




3 . ^ ' 5 M 



' Figure 2-7 

Since a measure of ^POM = ^4^5^ , A is the point on 'O^" such that 
d{b,A) = 2 . A measure oif ^QOM = -120° aid B is the point on 0^ ^sifch 
that d(0,B) ^ 3^ # A measure of ^OM = ^ and C is the point on 0^ such 
that d(o,C) = 1 • 'Lastly, a measure of ^SOM = - r , but since the polar 
distance is n^ative, D is the point on the ray opposite to OS ^ such -that 
d(0,D) = 2 , • ' ^ 




le 2. Find four pairs of ]^lar coordinates, twcf in degrees and tvo 



ians, for-. each of the points A , 'B , and C in Figure 2-8. 
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• Figure 2-8 . ^ 

■ -, .. ' • ' 

■ ■ , ■• ' ■ o ' ■ ' 

I Solution . A siHg)le rejjresentatlon fpr A is (3,to ) , but ,vb may also 

use <3,-330°) , ('3,;^) , and (-3^^) . (There are ^thers/ of course. ) * 
B » (2,-100°) , (-2,80°) ; i2,^ , a^d C-2,i|). C ;= (l|,105°) -, (l|,li65°) , 
(l|,g),ana^(.li,^) 



' - . Wa mentioned tjiat any pair of perpendicular lines in a psfene may be 

chosen as the reference axes for a rectangular coordinate system. Any %ey in 
a plane nay be chosen for tJie polar axis in introducing a polar coordinevte 
system. When we^are solving a problem using coordinates, this freedom enables 
us to choose a system which will simplify the computation. Because ve vish to 
,keep this in mifid, we state the following principle: 
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C(X)RDIHATE FLAHE PRINCIPLE . If^^ and ^ are tw, perpen- 
dicular lines intersecting at 0(0^ A and 0,j^ C) , tiiere 
exlsti? a rectangular coordinate systan tn the plane of AB 
and ^ such that' 



(i), AB is the x-axLs, CD is the y-axis' 



and 



(ii) in the coordinate syst^is on the ,axes^ the 
' ' coordinates of A alhd C are positive. 

In any plane containing the ray OM there exists a polar 
coordinate system such that OM^ is the ix>lar axis. 



In some situations ve imiaf use both rectangular and polar coordinate systems 
in the same plane. Usually we let the polar axis coincide with the non- 
negative h€Lkf of the x-axis. Coordinates in both systms are assigned to each 
point in ihe plaae, .Imt we shall need q^uations relating the c^rdinates in 



order to change back and forth* 




In figure 2-9; we see that 

(1) ' 

and 

(2) ■ 



x = r cos 6 
y « r sin 6 



2 2 ^ 
V = x -f y 



tan ^ = ^ where x /^^ 0 • 



2'k 



In ^uations {2^ we note that, as ve might have expec*fed(, r and 0 are not 
uniquely* defined. You should verify these* equations for jHsint^ In other 
quadrants. , 

^ We may use Equations { l) to transf om from polar coordinates to 
^ ;i:*ectangular coordinates and Equations (2) to find polar ccx>rdlnates for 
Ijoints whose rectangular coordinates are known. ^ 

Exaii^le 3> Find the rectangular coordinates of . the point designated, in 
polar form by (8,-60^) . ^ 

Solution. 



3C ^ 8 cos (-60°lC- 8(i) « k 



y - 8 Sin (.6q'') = 8(- i^) - -k^ 



2— ^ 



It is necessary to 



Erngple it» FiiKi a j^lar representation for the point with rectaagulai" 

Solution, - (-2)^ + (-2)^ ^ 8 j therefore, r = ± 2V2 . Also, 

-2 n 
tan 0 = ^ = 1 ; hence, S=^+nrt,n an integer 

iiaatch the values of r and 6 ^ich 
correctly locate Pfi* For example, 

is not a correct solution, 
, / 
as these coordinates locate a point in 

the first quadrant . Hit ^ 

(2/2 , ^) and (-2^ , f) are two 

of the pogsitle comect designations 
for P . 




*P= (-2,-2) 



Figure 2-10 
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Emqple Find the distance between the joints. and Pg vhose 
polar coordinates are (r^^,©^) and i^Qf92^ respectively. 



Solution , We have an eaqnression for the djlsttoce "between two points in 
terms of their rectangular coordi^tesy 



(3) 



We may use this expression if we transform the coordinates of and Pg 

to rectangular form. We use Equations (l) to obtain ' 

= r-j^ cos , = r^ sin 

a r^ cos ©2 » yg = sln^e^/- 
We square both mesflbers of Equation (3) and substitute these values to obtain 



or 



2 2 2 

= (r^ cos - r^ cos 9^) +■ (r^ sin " sin 6^) 



2 2 2 '22 
« rg CPS - ^1^2 ®2 ^® ®1 ^1 ®1 

+ r^^ sin^ 9g 2r-|^r^ sin 9^ sin + sin^ 



If ve apply the distributive and other laws, this becomes 

4{P^,P^)j^ = r^^Ccos^ 9^ + sin^ 6^) ^ r^^Ccos^ + 

^ • - ar^r^Coos cos 9^ + sin 0^ sin 6^) - . ^ 

2 2 2 2- 

Nov cos +*sin ^ ^ * ©2 ®2 ^' ' 

and cos + sin = cosCfi^ - ) , 

We substitute these equivalent values to obtain " ^ 



(3) ('3^V2^)^ = ^1 



2 2 
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We mlglit have obtained tWs expression directly by applyl^ the Law of 
Cosines to triangle OP^P^ in Figure 2-11. 

P =» (rgiSg) 




Figure 2-^11 

Thus the distance fornuila In polar cdordlnates is an application of tiie 
Law of Cosines, 

> 



Exercises 



1, Plot the following, points and for each list three'peiirs of coordinates: 
(5,135'') , (2,90^) ^ i'h.kf) , (3,-120^) . 

Plot the points \rfioSe polar co^dinates are (-2,45°) , (-4,21Q°) , 
(3,2) , (-3,-|) ; (4,0°) , (0,1^ , (-4,180°) . 



2. 



3. Plot the vertices of an equilateral triangle, the centroid coincident 
with the pole and a vertex on the polar axis, and give polar 
coordinates of the vertices. 

4. Draw graphs representing the set of points {(r,0)*: r = 4) j the 
set of points ((r,e) : 6 = 45°) . ' 



5. 



a 




270° . • 

Par each of th& points Indicated 'on the iH^eeeding diagram ^ive five 
of polar coordinates; in the first pair have r > 0 , and 
0^ < 0 < 360^ , in the second pair have r > 0 , and -360° < 6 < 0^ , 
in the third pair have r ^ 0 , and 0^ < 6 < 360^ , in the fourth 
pair have 0 < 8 < tt , i n the fifth pair have 0° < 0 < l8o^ . 

> 
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2'k 

■ ■' • ' ■ ■ ' . . * * " ' . 

6. Find the=>f ectailfeular reprefientatioai of points '^ftiose polar coordixiates 
are ^ ^ / 

(a) (0,90'') . (e) M 

'(b) C^,^U5°) . ' it) {V2,^) 

' (c) (5,1^20°) (g) {-2,iit) 

(d) .(M"")' • . (^) (2,^J> . - 

7» Write a polar representation for the points vhose rectangular coordinates 
are 

(a) (1,1) * (e) (-VS,!) 

. ^(l?) (2,-2i (f) (-1/-^) ' 

(c) (p,0) (g) (5,2) . 

Td) (0,q) (h)., (-U,l) 

8, Use polar coordinates to find the distance bet\^en the points A and B • 
Then change to rectan^aar c<X)rdinates and vetdfy your restilt. 

(a) -A = (2,150°) , B = (1^,210°) 

(b) A -(5,|jt) , b''^ (12,|«) 

9. Find the ^staiice fcuetve^ each of the follbving pairs of points. 



(a) 


A = 


(3,0°) 


^ = 


(5,90°) 


:(d) 


A = 


(2,37°) 


, B = 


(3,100°) 


A = 
A = 


(6,100°) 
(-l,U5°) 


, B = 
, B = 


(8,2KX)°) 
(3,165°) 




A = 


(3,20°) 


, B = 


(5,1^^°) 


(f). 


A = 


(5,-60^) 


, s = 


(10,-330°) 



10. On a. polar graph dha^ such as in Exercise 5 construct a hexagon vilS 

vertices (10,0°) / (lO,60°) ^ etc* Then construct all its di^^onais 

and write tlie coordinates of all their intersections (other than the pole) 

♦ 

11. Let (rQ>0Q) represent a point P . Find general expressions for all 
the possible polar coordinates of P 

(a) -when is in degrees and 



(b) vhen 0^ is in radians* 
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i2-5« Lines In a RLtoe * 

How that we have develojSed coordinate system for planes, we are able to 
discnass. analytic repr^entatloris of subaets of planes. We start with the ' 
line* V \ 



(1) 



Syicmetrle Fomu Ja Section 2-3 we developed Equation (l ). 



s 



yhich is the a naly tic condition describing a point P = (x,y) on the 
oblique line P^P^ , where Pq = (xQ,yQ) and - (^'^j) . ( We note that 
the requironent that the line he ohlique ensures that -ttie d^cminator in each 
mes^er is not zero.) - Vv 

Since every point on the line roay be described in this way, ^ 

We call Equation (1) a symmetric form of the equation of a line. 

^g^le.l, A s/ametric form of an equation of the line contai^nlng the 
joints '(2,3) and (4,-l) is • 

-1 _ 3 °^ 2 " ^TT^ • • 

TvfD - Polnt Form . If we reverse the order of the meicbers of ^quation (l) 
and noiltlply by (y^ - y^) ^ ve obtain 

We call Equation (2) a two - point form of the equation of a line. 

^^^^Q^e 2. A two-point form for an equation of the^ line containing the 
points and (if,5) is 



y 2 - f-riU - 1) or y + 2 = I(x - 1) , 



We note that in Equation (2) the quotient of differences, or the 

aifferenqe quotient ^ = — is, by definition, the slope of the segment 
~~' ^ " ^ 

. In your, study of geometry you may have used similar triangles to prove 

that every se^ent of a given line has the sarte slope. We define the slope 
of a line to he the slope or all the segments on that line. We denote the 
slope of a se^ent or line by m . 9 

The tw-point form Is not precisely equivalent to the symetric form, 
since it Is also defined ^*ien y^ = y^ or y^ ^ = 0 • In this case the 



lin^ PqP-^ is- parallel to the x-aias, has a slope of zero, and is 
i-epresented by the equation y - yQ = 0 t 

' ( 

If Xp;=x^ or x^-Xq = 0, neither the syrmetric form nor the tvo- 
point form as given in Equation (2) is defined. In this case an altem9.tlve 
tvo -point form 

(3) • ^ . X- xp = __(y .y^) 



is defined. In this case the line P^P,^ has no slope, is parallel to the 
y-axis, and is represented by the equatio^i x - = 0 • 

If Xq = and Yq = , t^e points P^' ^d P.^ are, of course, not 
distinct and uo line is determii^d. 

f ■ . 

Example 3» 

(a) The line containing the points (l,2) and (^,3) bas ^lope 

m = ,3 " ^ = i and has as an equation in tvo-point form 
^ - 1 3 

y - 2 = ~ h) or 3^ - 2 = ^ h) . 

(b) The line containing the points (2,3) and (1|,3) has slope " 
m = ^ f " ^ = 0 and has an equation in two-point form 

,%.y - 3 - l-ri^x - 2)' or y - 3 = 0-. 
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Bie line contaiicdrMg the points (1,3) and (1,5) hafl no slope since 

P * ^ a J is not defined. V Hovwer, it has an eqviation in an alteiti&tive 
1 - 1 0 r ' 

tvo-polnt fona; " - 



X - 1 



1-1 



<y - 3)!' or X - 1 =^ 0 . 



^ pbtnt - SlOpe Fornu Sine? a line is detertdned by tvo distinct points, a 
line in a plane vith a rectangular coordinate systaa is determined by -Uie 
coordinates of tvo points on the line« If a line has slope, it is also 
determined by it$ slope and the coordinates of one of its points. 

If a'llne has slope and contains -the point (^,yQ) , ^ ^say replace 
-ttxQ difference quotientr in Equation (2) by 51 to obtain 



y - = m(x - Xp) 



We call fcquation (14^) a yolnt - slope form of, the et^uatl.on of a line. 

Exagyle K A point- slope form of th^ line vhich contains the point 

• 2 
(5,-3) and has slope ^ is 



y + 3 = ^Cx - 5) . 



J, 



Inclination ^ Occasionally we wish to describe a line, not by its slope, 
but. by an atogle relied to the slope* 




Figure 2-12 
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In Fig\ir^^a!5Ny3e angle Is «ie angle ot InqJtlnatiOn of line L ♦ The 
xu^^^uare^of angle a is the inclination of L • Hie ^ngle a has the same 
.teea^ure as the corresponding angle measured in a counterclbclcwise direction 
frcMii the positive ^side of the x-axis to the unique line L* i^ch is 
parallel to L and contains the origin, (If L contains the origin, angle 
a corresponds to itself. ) ' 

We observe that if L is the x-axis or is parallel to the x-axis, its 
inclination is « We also note that the slope of L ia the tangent of 



angle a . If = (xq^Yq) and = (^tj^jY-L) , then for the line P^P^ 



tan ct m = 



^1 - yp 
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For an angle a meaaured in degrees or radians, it is always the case that 
0 < Qt < 180° or 0 < a < jt , respectively. 

(a) If the slope of a line is , then tan a = V3 and tiie iQclinatioh 
a of the line is 60° or J . 

(b) For the line containing the ^Ints (-1,^) and (2,7) 

tan d = m = ^ ^ ^ and a = ^5 . or ^ . 

Sj.ope - Intercept Form » The x- intercepts of any graph are the aj)scissas of 
the points of the graph vhich are on the x-axis. The y- ^intercept^ are the . 
ordinates of the points of the graph on the y-axis. 

A line has a unique y-intercept if and only if its slope is defined. 
If the slope is defined, the line is distinct from the y-axis and is -n e ^ 
parallel to the y-axis. The line intersects the y-axis in a single point and 
therefore has a unique y-intercept. If the slope is not defined,, the line 
either is the y-axis or is parallel to the y-axis^ In either case i^he inter- 
section of the line and the y-s&xis does not contain a unique pointy 

Sincsr the lines vith unique y-injercepts are thosp for vhich the slope is 
defined, * they are^the saiae lines >^ich-have point-slope forw, Ihe point- 
'Slope form \ * - , 



2-5 



is equivalait to'^ 



(5) • y = mx + (y^ - 110^) • 

We observe that the y-intercept i0 the y-coordlnate of the point idhose 
x-coordlnate Is sero. If ve let In Equation {^)^ ve find that the 

y-intercept Is y^ - inXp • It is customaiy to denote the y-integ^cept by b • 
With this change Equation (^} beeches 



(6) y ffix + b , 



vhich is called the slope-intercept form ot the equation^ 

^ (a) The line vith' s^ope 3 and y-intercept -7 is represmted 
by the equation y = 3x - 7 • 
(b) The line represented by the ^equation 

y - 2^ s. + k 



3 , " 7 



vhlch is equj?^alent to 



^ 12 
y « + ^ 4- 2 



or 



3 ^ 26 

I 



has slofie ^ and^^y-intet^c^pt - ^ 



Intercept Fornu A line Jias a unique x-interqept if aittS^ily if it does 
not have zero slope. !Bie slope is zero if and only If the line either is the 
X-axis or Is parallel to the x-axis, Hie line is not the x-axie and is not 
parallel to the x-axis if and only if it intersects the x-axis in a single 
point. In this case the x-intercept i^ unique. 

It is customary to denote a unique x-lntercept by a 

If the slope of a line is defined and is not zero, both In^^ercepts are 
unique. Since the x-intercept is the x-coordinate of the point vhose y- 
Qoordinate is zero, we let y be zero in ^nation (6) and find that the 
x-J.ntercept a = — . If in ^ 
ve may transform Equation (6) 



x-J.ntercept ^ " • If in addition ah ^ 0 (neither a nor b is zero)^ 



y = mx + b 
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to Obtain 



or 



m 



Ve subst^ltute the value of the x- Intercept to obtain 

This i8 called the Inteareept form of the equation of a line. 

■ •• • ' ■ - V 

'ExBxsple 7« Find the intercept form of an equation for the line con- 
taining the points i-ljk) and (2,5) • ^ 

Solii^on. . « 



(a) The line has an equation in twoc^poiijit form, 

y-i*=|^x + i) 



or 



y - 4 = i(x ^ 1) 



or 



y = ix + ^ . « 

Th^ y-intercept is — and vhen y = 0 , x = -13' • Hence the 
x-lnt^ercept is -13 and the intercept form is 
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^ + ^ = 1 . 

-13 13 



-(b) If the intercepts are a and b , the^ the line contains the 

points (a,o) and (6jb) « Since the slope l,s 

5 - 4 1 ' <i 

2 4. X ^ ^ ^ snist also be the case that 

5-0 1 j3_-b 1' 
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Hence, the Intercut form is 
' • -13 "m"" 

General Fornu Each of the preceding fonoB of the equation of a llpe has 
certain' advantages J* not only because it is easy to write when certain facts 
about the line are knovn, but also because eac^ clearly displays in its 
vritten form certain geometric properties of the line, Hovever, none of 
theae forms is defined for all lines. 

The symmetric form 

^ - ^ y - ^0 /V . ' 



is not- defined for a line parallel to either axis, but if we transform the 
equation to - * — . / ^ 

(y^ - yo)C? - Xp) = - Xjj)(y.- y^) , where ^ ' or y^j ^ y^^ 

' the new equation does describe any line in the plane. In order to slTTtpltfy 
this equation, ve collect all non-zero terms in one xsfenijer of the equation 
and identify the coefficients of x and y and the constant teria# 

' ' ^ (y^ - yo>x - (x^ - XQ)y . XpCy^ - y^) + y^Cx^ - x^) •= o 

is equivalent to " - o . ' 

• (y^ - yo)x + (xq - x^)y +'(Vo.-, Vi^ = ° • 

We let - - , ■ 

a = y^ - y^ , b Xq - , and c ^ -x^y^ - x^^ , 

and write 

(8) ^ax 4- by ^ c = 0 , lAere a + b,^ 0 (that' is, a ^ 0 br b ^ 0) ^ 

^/^uation (8) is called a ^energl form of the equation of a llHe. It is alSo 
^NcaJJ-ed the general linear equation in x and y • \, 



O Iff. ^ 



i 



(a) 3x -8 = 0 and - . 

(b) ax + by + cc=0^ "where "^abc 0 ^ (that is, a 0 , h jif 0 , and 
, e ^ 0) in intercept and slope-intercept form. 

gplutl6n< 

» . ' . • ■ 

(al. * ■ 3X + - 8 = 0 



is equivalent to 



^ ^ 2 ^ 



or 



8 2 > ' 



^ + 



>*dch is in the intercept form. 
The original equation is also equlval&t to 

ky = '3x + & 



and 



■ . . ' y = - |x + 2 , 

♦ ■ . ' ■ * 

•which is in the slope- intercept form. . 

"(h) ax + hy + c = 0 , "vAiere abc f 0 , 



is equivalent to 



, vhere abc ^ 0 ^ 



ax 

• -G -C 

and ^ 

X 



-f- = 1 • vhere ahc / 0 , 
a " b 
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vhich- is in the intercept forsu 
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, ax + by + c » d , vhere sSoo ^ 0 , 
^ Is j^uiviLLent to * 

. by = -ax - c , vhere sbc ^ 0 , 

m 

and . ' 

y '5 - - g I, where abc / 0^ ' . 

vhlch is In the slope-intercept form. 

■ , * 

From Exaoiple 8(b) we ohBerve that whea an equation of a line is 

*. . ■ ^ 

expressed In general forai, -Uie x- end y- intercepts 

^ ah- 

respectively if th^ exist and the slope of thf line is - # if it is 

D • 

defined* 

!Rie great advantage of the general form is that it caG $e written for any 
line. !Hie only shortcoming is that the geometric pi-operties of the line are 
less clearly revealed hy this fomu J - 

* i 

f ' Exercises 2-5 | / 

1, Use Equation (i^-) to 'find an equation of a line eontaining (2,-3) aAd \ 

having slope 2 • Put the equation in general forin^ If the lin^' \ 

'contains the points (p,7) and <5^q) , find p and q , \ 

2* Find an equation of a line with slope - ^ and passing through (-3^5) i 

'If this line contains the points (p,7). ^d (5,q) , find ^ and q ^ 

3# #ind an equation of a line containing the point (0,b) and having slope 
3 • If the line contains the-^eiaig '(p,7) ^d (5,q) ^ find p and 

4. Find an equation of a line containing the point (^,5) arid having the 
same slope as the line 2x - 3y • ' Describe the relative position 

^ of these two lineSk 

5. Write an equation of a line having slope k and containing the point 
(a,0) . What are the coordinates of the point where the line crosses" 
the y-axis? 
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2-5 •' (^-^ 

' 6. - Write an equatipn representlng' ^all lin#s containing the orlgin# Are you 
sure every line r^resented "by your equatipn? Write the equation of 
the one of these lines that contains the point (-3^5) • . ' ' 

?• The coordinates of 'A and B are (3,5) ond (-5,3) # Segments OA 

^ .. . '■ * t 

and QB form a right angle at the origin. Detemsihe the slope of each ) 

segment and try to arrive at a general conclusion that you can prove. 

8.. Choose (-8,8) as (^^Yq) vrite the equation 3^ + i^y - 8 = 0 

in synanetric fornu 

9. Write- an equation of the line containing the points (-4,8) and (2,3) • 
Exhibit the resiilt in all seven forms so far discussed. What ii^ the 
slope? vhat are the intercepts? t 

10. Write the equation ax + by + 6 0 in the slope- in?ircept form. 
What is the geometric interpret St ion of ax-fby-hc^^O, 

(a) vhen b = 0 , ac 0 ? 
"(b) - when ,a-0,bcj^O? 

(c) \dien c = 0,Qb^O? ^ 

11. Find, an equation Of a line satisfying the folloving conditions^ 

(a) ^Containing t^e point ^ (3,-2) and having y-intercept 5 . 

("b) Containing" the poihf (3,-2) and having -x-intercept .5 . 

<c) Containing the midpoint of AB where A = {-1 , B = (3,U) 

. and witli the same slope as the line^ OA . ^ » 

(d) Cofiiaining the point (2,-4)' and with inclination 135^ 
• (e) Containing" the point (-1,-3) and vith inclination 30^ 

"*12. 'In triangle ABC , A^=_(l,-2) , B = (3,2^7-^^- (0,1^) , Find aji 
equatiorf cff each of the following lines: 

(a) 3^. 

(I3) Tlie median from A . 

(c) Tlie line joining the midpoints of AC and BC , 

13. Find an equatlon'of a line containing the point P (5,8) vhlch forms' 
with the coordinate axes a triangle witli area 10 square units. 
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Revlev Exercises— Section 2-1 tharough Section 2-5 " 

In Exercises 1-U find the graph of the sets described on a line vith a 
linear .coordinate . syBtenu 

1. (x : 1 < X < 2}^ 

2. {x : (x - l)(x + 2) = 0} , 

3. (x : |x| < 3) . • 

J*, {x : |x - > 2} . 

In Exercises 5 to 9 graph and^escribe the geometric r^resentatlon in ' 
one-space and 2- space. 

t « 

5. {x : X + ^4- = 0) . 

6. (x : |x| + 1| 0] . 

7. {x : 2 < X < 6} . * ^ ^ 

8. {x ; 2 < |x|") . ' 

9. Cx : |x| < 6) . . " 

10, Find the midpoints and trisectlon points of 

( a) AB = Cx : -1 < X < 2) . • ^ 

(b) ^ = (x : jx + 2| < 3) . f 

(c) ^5 = {x : c < x < d /(c + 2)(d - 3) = 0} , 

11. Find a polar^represe^tatlon for the points vhose rectangular coordinates . 



are: 



yia) (1,V3) . ^' ' (d) (-2,-3) . * 

' (b) . N ' (e) (1,0) . 4 

(°) C3,-U) . (f) (0,1).. 

12. Find the rectangular representation for the points whose polar 

coordinates are: •* 

(a) ih,kf) . ■ (d) (6,f) . ^ . , 

(^'j) ' - (e) (5,-135°) . 

) . • . (f) (-3,-750°) . 
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In each e:i^rcA»^ from 13 to l8 \id:ite an eqjiatibn of a line 
satisfies. the given cona*^ions» 

13. Contains (-2,5). ; m = - • 

ll^. Contalnfi (-3,2) , '(8,10) . 

15. "^Contains (-S-?) t (-6,-10) . . 

16. Contains (If, 5) ; a ^ 120^ • 1 
Yl. Horizontal; y-intercept 6 . 

Vertical; x-intercept ^ . 

ExerciBes 19-25 refer to the 
figure at the right, which represents 
e Jugular hexagon with sifle^ of leiigth 
6^. The coordinates of the vertices 
are: 

A = (6,0). ; B = (3,3\/3) ; 
C - (-3,3V^) ; D - (-6,0) ; 
E = (-3,-3V^) ; F = (3,-3v^} . 



vhich 
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19. Write equations of the lines detennined by each of the ^ix sides in 
slope-intercept form* ^ 

20. Write equations of the lines determined by each of the six sides in 
general form. 

21. . Write equations of the lines determined by each of the six dides in 

symmetric fom. *" , ' 

^ ^' ^ 

22. Find the slopes of AC , BD , AE , and DF . 

23. Find the coordinates of the tvo trisection points of AB , BC , CD , 

, and FA . . 
2^. Find coordinates of the points P , Q , and R , -where 

(a) P is on AB and = | (two answers). 

(b) Q is on bT and =| answers). 

(c) R is on S" and |[|^ =5 answers). 
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25. Find the inclination, to the nearesj; degree, of AB , AC , AE , and ^ . 

26. Sunanarize the different fonns of the equation pf a Ifhe in a table, 

listing for each fom Its partlctaar i*ranta§es and disadvantages^ 

I I? 
• Whicl| form, or forms, of e(^uatlons^ for a line vould you use to 

answer each of the following questions in the mpdt effialetit "roy? Be 

prepaired to e3<j>lain your answer* s?* , ' 

(a) Is the point (3,7) oij the line? . . ,/ t 

(h) Does th^ line intersect the x-axls? If so, i*ere? 

r \ ^ 
(c; Does the line contain the origin? v * 

(d) What is the slope of the line? 

(e) . Find the ordinate of the point where tfee abscissa 4s 5 . 

(f) Find Ime point on the line where the two coordinates are equal. 

(g) If *e point (3^3 - k) is on the line, find k . 

(h) • Suppfcse the point P i^ oj^ the line] find the points R and S 

on line which are 5 units from P . p 

' Graph the relations of Exercises 27 tp 32, ' ^ . 

27. {(x,y) : |x| ly( - 10 = 0] . , ^ " t 

28. Ux,y) : |xi /|y| ^ of. ^ . ' 
29* {{x,y) : X - y < 1} ^ 

30. {(x,y) : X - y < 1} . -\ 

3X. ^(x,y) : X - y < 1) n ((x,y) :x+y<l}. ^ ^ ' i 

32: ^ {(x,yy^|x| < h) , = ((x,y) : |y| < 4} , H^- . Q . 

^33* Discuss Exercise 3^ if < . Is changed to < . What geometric' 
interpretation can you give f ojp ^1 (J ^2 ^ 

^ 3^- Two thermometers in ^mmon use are the Fahrenheit and Cfei>tigrade. The 

freezing point for water is 32°F and 0°C ; the^'boiling point for water 
^ is' 212 F and lOO^C . Derive a formula for expressing temperature on 
one scale in terms of the other. Find the temperature heading which 
gives th^ same^umber on both scales- ' 

35' Graph the following relations: 

(a) ((x,y) : 2x -f 3y - 6 0) . " . ' .* 

. *> - ' 

(b) = ((x,y) : Yx + y - 2 = 0} . 

erIc ■ ' « 
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* (c) R3 = {{x,y) : 5x - ^ - 15 = 0}'. . 



(e) = C<x,y). : 7x +,y •> ^} v ; ' i?*;^ 

(f) Rg = {(x,y) : 5x --2y < 15} . 

' " .■ . 

^ (s) RuflK^nRe- ■ . \ 

m 

Challei^e Ibcerctses 

Note: The syiribol [x] is ixsed to represent the first integer < x / 
or stated in another w> [x] means the greatest integer not greater than 
X . For instance, if 0 < x < 1 , {x] ^ 0 if x = 2 , [x] = 2^ j if 
< X < 0 , [ x] = -1 . 

Graph the relations, ^ . ■ 



1/ (a) R^ = 


{(x,y) 


: [x] = 


X) . 






(b) Rg = 


i(x,y) 


: [y] = 


y} . 


• 




1c) R3 = 


((x,y) 


: Ix] = 


x) n((x,y) 


: [y] = 


y) 


(a) \ = 


{(x,y) 


: [xl = 


x) U {(x,y) 


: [y] = 


y} 


(e) R^ = 


((x,y) 


: [xr = 


[y]} 






(f). Rg = 


{(x,y) 


: [x] = 


[y t . 






(g) = 


{(x,y) 


: [x] = 


[-y]} . . 






(h) Rg = 


{(x,y) 


: [xl,= 


-[yll . 






2. Graph r 


= e . 




* 







, 2 

3^ Graph <^>r = 6 , 



If. When we introduced a system of rectangular coordinates into a plane, we 
used on eadh axis linear coordinate systems in the same units. Then if 
^ (x^,yj) and - (Xg^yp) are any two points in the plane, 

d(p-j_,pg) =vXx2 - x^)^' + (yg - ^1^'^ • " 
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Supix>§d instead that on the x- and y-axee we use linear eirordinate 
systems for ^ich the units are in the ratio r to s respectively, 
vhqgre r . s , . 

(a) Find a fonmila for aCP^^Pg) in the units of the x^axis. 

(h) 4ind a formula for 6i-p^,-p^) in the units of the y-axLs. 

, (c) Let" P , Q , S , and S be four points in the plane,, with 
coordinates it>^,p^) , {q^^.q^) , (r ,r_) , and (s^,ej 

respectiv^ely. Under lAat qonditlckis is PQ ~ RS and 

5* Find the graph of S = {(x,y) : {kx + 3y - 5)^ = 0} . Can you fin^ a 
simpler analytic representation for the grSph? ' . 

6. What is the graph of T = Ctkj^y) : (ax +^by + c)^ = 0 , vfaere , 
a+b/^Oandkis-a positive integer} ? Can you find a ^iaipler ^ 
analytic representation for the graph? 

7. ^•ind the intersection of =. {(x,y) : 3x + 2y < 1 = t)] and 

^ C(x^y) : ax - 3y + 2 = 0} . i 

8. Find 'the graph of U = i{x,y} : (3x + ?y - l)(2x - 3y + 2) = 0} i 

9. Find tl#» graph of V = {(x,y) : ('x +y)(x - y) = 0} . 

10. Find the graph of W = {(x,y)' : xy = 0) . • ' ' 

11. Assume that = {(x,y) a^x + b^y + c^ ^ 0 , a^^ + b^^V 0} and 
\ = {(x,y) : a^x + b^y + 0 , a^^ + b^^ ^ 0} have a unique point 

common. What can" you say^ about x^ ^and y^ if , , 
^0 ' ^1 ' ^0 ' c^ are 

(a) integral? * ^ 

(b) rational? , * y 
(e) real? " 

(d) complex? 

12. Wha^; can you say about the'^graph of ^ 

U) R = {(x,y) : (3x - 2y +- 2) + k(x + y + l) = o , vhe^re k is constant)? 
ih) S = ((x,y), : (x + y + 1) + k(3x - 2y + 2) = 0 , vhere k is constant)? 

(c) T = {fx,y) : in(3x - 2y + 2) + n(x + y + l) = 0 , vheve + I 0 

and m and n are content)? t 

62 
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13. What can ymi aay about the graph of , ' 

(a) £(x,y) : (3x - ^ + 2) + t(x t y + 1) = 0 , lAeye t .1$ a 
real variable) f , - 

(b) V « {(x,y) :. (x + y + 1) + t(3x - ^ + = 0 vbere t is a , 

real variable) ? j 

(c) W « {(x,y) : s(3x - 2y + 2) + t(x + y -f^ l) = 0 , ^ere s + t / 0 , 

and s Bffxd t are real variables) ? 

4'. y 

\\. Assume that the linear equations SqX + b^y + = 0 , where 



♦ B.^ + bg ^ C , and a^x + b^y + = 0 , vhW^ a^ + b^ ^ 0 , are 
iM3t equivalent. What can you say about the graph of 

(a) E = {(x,y) :^ (a^x + b^y + c^) + k(a^x + b^y + c^) = 0 ; vhere 

■ * ■ ^ 

k Is constant) ? . ^ y 

(b) S = {(x,y) : (a^x + b^y + c^) + Ic(aQX + b^y + c^) = 0 , Tjhere 

\ is constant) ? ' ^ 

(c) T = {(x,y) : (a^jX + b^y + c^) + t(a^x + b^y + c^) = 0 , vhere 



(d) U = {(x 



is real) J 



■where 



t is real') ? 



(e) V, = {(x,y) ^Ma^x + b^y + Cq) + n(a^x + b^y + c^) = 0 , "where 

■ + n? ^ 0 , and'^m and n are constant) f 

(f) W = {(x,y^ : sCsqX + b^y + c^) + t(a^x + b^y + c^,) = 0 , vhere 



B^ j^ t^^Q , and p and t , are real variables) ? 



15. What is th^^ graph of 

, (a) S = (('(x,y) : 0 = 1) ?, 
' (b)'. T =<i(x,y) : 1 = 1} ? 
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2-6. Direction on a Line. 



Although there are two senses of direction Implicit in our Intuitive 
notion of a line, neither one is dominant or primry. Hh^ ve represent a 
line analytically^ ve may, suggest a specific sense of direction for the line. 
When we undertake a geometric description ^f th# line in terafe of a n ass ^i- 
ated angle, we suggest a sense of dJLrection for^the line if a ^Ide of the 
angle is contained in the line. ^ 

In ;thi8 .section we shall intrtSuce' soHie of the analytic ISeas and terms 
Trfilch may he us^ once a sense of direction has been assumed for a lin6. We 
shall also cbnsidjBr the geometric interpretation of the ideas. 

When we speak' of the line segment from to P^^ , we suggest a s&ise 
of direction on the line. If = (x^',y^) and P^ » (x^,y^) , the^ nunfcersX 

i =^x^ - and m = - also suggest this sense of direction. 

The nunfljers i and m are ialled direction numSera^ pf L . For the 
ordered pair of direction numbers we use the ^symbol (i,m) . Since this 
eyufcol is also used for a point," cai-e naist be exercised to avoid •aii2>f'guity. \ 
Clearly a line, has- infinitely many pairs of direction ofiadb^s, since there 
are infinitely many pairs of points and , P^ which determihe it. How- ' 

ever, all fhe pairs for a given line L are* related in a very simple way. 
If L has a slope and (i,m) and (J%m») are two pairs of direction 
nu^^s for L , then = -j- &nd' there U a number c ^ 0 Such that v 

"^"jfcl'^ and m» •= cm . * If L has no slope,' there is still such a' number c , 
€hough the arguBtent " above does not prove It. If two llhes are parallel, a. 
similar argument shows that any two pairs of direction nufijers for the two 
are rel^tek in the same way. Thus it Is natural to make the following" 
deflnitilon: * .- . . 

^ - ■ A ■ 

°^^™''^^T ^® P^^^ of a IrectHn^ numbers "is said to 

be equlvaA nt to the pair (|»,bi») — t#-and only If -fehere .is a * 
number jT/ -0 such that i* = ci , pi* = cm . ' , . 

The prfecedii;ig discussion can now be summarized in the following statement 

Two distinct^ lines in a plane are parallel If and only if any 
.pair of direction nui^ers for one is equivalent to any pair 
for the other, ' . 



A pair (1,111) of cHrection nunbers for a line' L laajr^e said to . 
determine a direction on the line in the following sense.. Let 
P = (x^.y ) he a fixed point of L and P » {x,y) any other poi;nt of L . 
Then x - = ci and '^y -.yQ = cm , or ' . 

I 3^ = + ci , 

* y = yQ + cm , -where . c ^ 0 . 

' ' • 

The ^int Pq separates L into two sets of points; the points on one side 

of ^ Pq are given by positive values of c . Pq and the points of L given 

by positive values of c form a ray, which we call iihe Dositive rajr (on L) 

vith eridpoint ♦Pq > If P^ - (x^^y^) is another point of L , thien P^ a»a 

J - 
tfie"points P = (x,y) given by 

. ». - ■ 

X = x^ + , 

■'■ ^ y = y^ + a£ , 'where c > 0 , 

form' another positive ray oi^. L » The intersection (set of coranon points) of 
the positive rays with endpoints Pq and ^ is one of those two rayS. 
Intuitively speaking, all the positive rays point in the same direction on / 
L . The paJr (el,cm> of-directipn nunibers detenalnes the same direction \ ' 
on L as (ri,m) if and only if ..c > 0, . ■ ' » 

If (J m) is a pair of dl:»ection nuidaers for L , the equivaaen-b- pair 



(^'li' = ( — . — g — \ 



is of particular importance, puch a pair is sometimes called a normalized 

2 2 

pair. You should observe that ^ + ^ = 1 • 

Let L be a line in a plane with a rectangular coordinatw system and 

l^et L* be the line 'parallel to L >^i eh parses through the. origin. J If L 
■ 'contains the origin, L» = L .) Then^ L and L' have the same ,pair of 

direction numbers (l,m) . Figure 2-13a shows the situation if i > Q. and 
• m > 0 , Figure 2-i3h if i > 0 and m < o"," Figure 2-13c if i < 0 and 

m < 0 and Figure 2-13^ if S < 0 and m > 0 . 
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Figure 2-13a 



Figure 2-13b 
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Figure 2-13d 



^ The angles 



Ihe arro\Aeads shov the positive di;rections on t and • 

and 3 calj^ed the dire ction angles of the line L with the positive 

direction detei^mined by , the pair (i,rn) of direction huipbers. Is the 

' angle ^ formed by the positive ray pn L* with ^thfe origin as endpoint, and the 
positive half of the x-axis. is th^ angle formed by the positive ray on 

r 

L* with the origin as endpoint^ and the positive half of the y-^is. We 
note that the direction angles are geo^netric Aiglds, with the-nirigle exception 
that their 'Sides may i)e collinear. Hence, 0 < a < iBO and 0 < 0 < l80° . 

If c > 0 , each equivalent pair (ci,cm)'^of direction numbers for L 

is 'sX^^^h^ pair of coordinates for a point on L* * The point with (7^,u ) 

the normalized pair, as coordinates has been indicated in bach c^ase of 

• 2 p 

Figure 2-l3- Consideration of these cases reveala that, since A \i ^ i ^ 
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cos a = X , and cos 3 = jo. The ^sines direction, angles of a line L are 
called direction cosines for the line. ' 

The direction numbers ^ ' angles j and cosines of a ray R are defined to. 
he the direction nunibers, angles, and cosines, respectively, of the line \ 
containing R .vlth positive direction determined hy R . 

Exaaiple 1. What are the pairs of direction nuinbers for the line 
determined by the points 'P^ = (-2,7) and = (6,-2) ? ^ 

Solution , One pair is (-2 - 6,7 - (-2)1 , or (-S^gV , but any 
4. equivalelfl pair (-8c, 9c) , vliere .0 ^ iy , vill do. Since ^ pair {i^m) 

must be such that ^ = ^ or 9i+8m = 0,we may vrite this as 

m ^ 9 , ' ^ 

iiljm) : 9i 8m = 0 , + 0} 
Example 2» 

( a) What are the direction cosines and t he me asures of the d^ection 
angles for th^'line L with the positive direction determined by 
the pair (l,l) of direction nunfcers? ' ^ \ 

(b) What are the direction cosines and angles for the same line L \, 
^ but with .the positive diredtion determined Jby tixe equivalent pair 

Solution* ' "V 4 

— — ' — ' ^ . / ' 

(e) cos a ^' X --■:■=, -and cos p ^ 



m 
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Therefore,* COS a = , cos 6 ^ — ^ and ' a ^ & = ^5° • 

(b) In this case, cos a = , cos g = - — and a p = 135° . 

Kxample 3. Find the direction angles and direction cosines of the line i 
' — — ■ - ■- ~ •% 

through (1,2) with positive di^^tion determined by the pair /(- V^,l) of 
direction numbers. Do the same whjen the positive direction is determined by 
the pair iij^,-'^) • 
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^ ^'Solutlon ^ In the first case. 



7. - and 



Since by 



definition O < a <l8o and 0 < {3 < , and since cos a = ?^ and 

cos 3 = ^ )x , ^ see that a ^ 150^ * p = 6o^ > If •ve consider the olher 

direction on L , ve hkyre cos a « cos p = - i / Hence a = 30^ , • 



Exailqples 2 and 3 suggest a* careful distinction to he made. A line has 
uns^sed direction, dt perhaps it vould he better to say that tvo opposite 
senses of direction are^impllecl for a given line, hiat neither one is 
dcHninant. Some of ttie pedrs of direction numbers for a lin|*^ iiS5>ly each 
sen^ but if we select a single pair, *we select a single sense of direction 
as veil. Direction angles and direction cosines are defined only for line 
with a specified sense of direction, W^if'^all call such d line a directed 
line, sensp.of direction may^be specified by the context, such as thie 

choice of a single, pair, of direction nuinbers ior the line* ^ , 

.In Figure 2-lU we observe that * > 

either /a and /3 or la^ and /P* 
-might \)ei directionr angles for line- L * 
Since a -f a* == l6o° and p + p» = l8o^ , 
w^ note /that cos a* = cos a and ^ 
COS 3 '= r.cos 3 . Thus, if the 
nomalized p^r (X^p,) of direction 
iujabers ore. direction co^t^es for a 
directed line, (-?v,-fx) are the pair ' ^ 
of direction cosineg for ^e same liri^ 
with opposite direction; If /a and 
j[p are direction angles for a 
directed line, their supplements are 
direction angles for the same line 

with opposite direction. ^ Figure 2^lk 




ExBsssple Fi^id dlree^tion numbers, cosines, and angles for the lines'" 

(a) ((x,y) : Sx^ % - 5 f 0), and , . . 

(b) {(x,y) : ax + by + d = 0) , b 0} . 



^ 
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So\utlon ^ ^ - / ^ 

(a) We obserre that it ^ nonyertical line has a pair (i,m) of 

- direction nun&ers' and an equation in general form, ax + "by + c = 0 

y . then the slope of the line is given l^o-^' j and - ^ * 
* - ♦ * ' 

Therefore ^ . ' * / 

T ^ - # 5 ^ere ' £h ^ 0 . 

Since 3x - 5^0 is in general form, the slope of the line 

is 3 ^ (^,3) is -a pair of direction numbers, and any other pair 
{^4-0, 3c) , vhere c ^ 0 is an equivalent paiV of direction 
numbers. The normalized pair ' (>^,|Jl) of direrction number^, or 
direction Qosines cos a and cOs ^ , is eitJler 




^ or 



(" 5 ' " 5) ' 



depending on vhich sense of direction is adopted ^f or the 'line. 
We use tables of , trigonometric functions to discover that the 
measures a and p of the corresponding direction angles are 
(approximately) 37 and 53 - , or 1^3^ and 127 



respectiv^y* 



(b) For the general form of an equation of a line ax + by ,+ c =0 , 
where b ^ 0 , the slope is - • Th'us, (-b,a) , (b,-a) , anb; 
. in general., (-bk,ak) , where k / 0 , are pairs of. direction 
,nuinbers. The normali^d pair, or pair of Erection cosines, is 

' / b -a 

or 



depending on the sense of direction. Once the direction cosines, 
are found, the direction angles are uniquely petermined^ since by 
definition 0 < a < and. 0 < P < l80° . " . 



4^ 
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Exaaple 5. Consider the line L = {(x,y) ; - + ^ = 1^ ab ^ 0} • 



a b 

Let 0 be the origin; let A and B be the joints of L on the x- and 
y-axes respectively. ... 

(a) Write an equation of L in general form. 

(b) Find the length of the altitude OC on the hyi^tenuse of right 
triangle^ AOB . - - • 

^' • (c) Find the direction cosines of OC . . ^ - 

(d) How are .the coefficients in the ansver to. Part (a) related to 
the results of Parts (c) and (b)? 



S olution . 

(a) 4- 2^ = 1 isl 



a b 
general form. 



quivalent to bx 4- ay - ab = 0 , \Aiich is in 



(b) ^e area of MOB is equal both to "gl^l* ^ 

ii/a^ + b^ • d(0,G) ; hence, i|ab| = ^^Q^ + b^ • d(0,C) • 



^ / Therefore, . the length of OC d(0,C) =: 



ab 



(c) cos a ^ cos ^ABO 



. (Why?) 



cos p = COG ^AO = 



#7 



. (Why?) 



(d) Lastly, ve note that the results 
• of Parts (c) , and.(b) apart 
Yrom a posaijj^^ difference in 
sigfi, 'lU'^proportional to the 
coefficients in the equation 
obtained in Part (a). The 
constant of proportionality is 
1 / -1 



+ b"^ I s^B^ + 



4 
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1* Find pairs of di^ction nxaribers for the line through each pair of points 
given below. Use both possible ot^ders. 

(a) {5,-1) , (2,3) ' (e) (l,l) , (2,2) 

(b) (0,0) , {k,l) i (f) (-1,-1) , (1,1) ^ 

(c) (2,^*3) , (2,3) , (S) (1,0) , (0,1) 

(d) . (-1,1|) , {^6,h) (h) (2,^2) , (-2,2) ^ 

2. Find the nornialized pairs of direction nuinbers for the lines in 
Exercise 1, 

3, Find the direction aisles of the lines in Exercises 1 and 2. 

k. Given the pairs (3,-^) , (2,0) , (0,-3) , (-1,2) , and (-2,1) of . 
direction nuiriber, 

(a) , find the slope of a line with eacli pair as a pair of direction 

numbers 

(b) find a pair equivalent to each pair, and find the corresponding 
direction angles 

(c) draw the line through. the origin with each pair as its direction 
nuntoers. and indicate the positive direction on each line deter- 
mined by the pair (Do not draw too many on one sketch 

(d} Indicate on your sketches the direction angles of each directed line- 

5. Let Pq - i^fVo) , Pi = (V^l^ '-^^ ^2 " ^V^2^ ^ ^^"^ 
' distinct points on a line parallel to the y-axis in a plane with a^ 
rectangular coordinate system. Show that the pair of direction numbers 
determined by P and P and the pair of direction numbers determined 



6. 



by 



Pq and 



P^ are equivalent. 



Let a and P be the direction angles of H^he line- L with positive 
direction determined by the pair (i,m)^ of direction numbers, a* 
and 3* the dljection angles o:^ L with positive direction determined 
by the pair (-i,-m) of direction numbers. Prove that a and a* are 
supplementary, and that p and 3* are supplementary. 

Assume that in each part of Figure 2-13 a polar coordinate system has 
also been introduced in the usual way- Let m denote the measure of a 
polar angle which contains the positive ray of L* with endpolnt at 
the origin. 

(a) Show that in each case sin cos 3 • 

(b) Show that sin a> = cos p for any positive ray lying on an axis. 
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8, Find pairs of direction nuinbers^ direction cosines, and direction angles 
for the lines L | M , and N , vhere 

(a) L = UxmY) : X,. ^ + 7 ^ 0) 

(b) M - {(x,y) : y = ^ |x + 7] 

(c) N =: ax,y) : I - ^ - 1} . 

i " . 

2-7. The Ar^le Betveen Twd^ Lines j Parallel and Perpendicular Lines . . 

We have developed various forms of an equation of a line* Here we shall 
use equations to answer a question shout the lines they, represent: What angle 
is formed by tvo lines? In particular, are two lines perpendicular or parallel? 

We observed that the slope of lines parallel to the x-axis is zero, and 
that lines parallel to tte y-axis have no slope. Because of the customary 
orientation of the axes we usually ref er ,to liijes parallel to the x-axi^as 
horizontal lines ana to lines parallel to the y-axis as vertical lin(g?s . 




2-7 

In Figure 2-15 ^ indicate tvo nonvertical lines and l,^ , 

intersecting at the point - (x^^y^) . The vertical line represented by 
the equation x = 3^ + 1 will intersect these lines at P-j^ and P^ 
respectively. If we represent the slopes of and' by and 

respectively, the coordinates of P^ aad P^ vill be (x^ + 1 , y^ + m^) 
and ^0 respectively. If in triangle ^q^2.^2 ^ ^-PP^y 

distance formula and the Law of Cosines in terms of ^P^P^P^ = ^0 , we obtain 

(dCP^^P^))^ = (^^^O'^lO^ 2d(P^,P^)d(P^,P2) cos e , 



or 



2 2 2 / 2 / 2 

{m^ - m^) 1 + m^"^ + I + - Syl + • yi + - 



cos Q . 

This is equivalent to 

-2m^m2 = 2 - 2J1 xsl^ • Jl + m^^ cos B , . 

or 

1 "h ""? 

(1) cos e ^ 



Exainple 1. Find the measu>i&fe of the angles of intersection- between the 

1 

lines represented by the equations y — x + 1 and y - 2x 4 1 . 



Solution. Since the equations are In slope-intercept form, we perceive 
iiately that the slopes of tl 
valuer in Equation (l) to obtain 



Inanediately that the slopes of the lines are i and 2 • We substitute these 



1 + (^)(?) 

cos 0 ^ 











!) 


1 




9 


3 


3 


1 




-^•0 


3 




% 



^1 4 i^f. vCT/ 

Thus e = k5° , and the other three angles of intersection vill have racaGurc£ 



of 45° , 135° , and 13t)° 
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In your previous courses you discovered that two nonvertical lines are 
parallel or the same if and only if they have the same slope. Clearly all 
vertical lines are parallel. You also discovered that two ppnvertical lines ^ 
are perpendicular if and only if the product of their slopes is ^-1 . It ^ 
should be clear that a vertical line is perpendicular to a' second line if / 
and only if the second line is horizontal* 

In Equation (l) we note that the lines are perpendicular if and only if 

(2) cos 0 "0, or ni^^o ^ • 

ExampI e Find an equation for the line L which contains^ the point 
P ^ (^,3) and yfiich is perpendicuia^ to the line represented by the equation 
2x + 3y + Y 

\ 

Solution u\ lajthe previous section we observed that the slope of a line 

represented by arpMUation with general form ax + by + c = 0 , (b / o) , 

a \l. P 

is - :g . Thus the r^e above hais slope • If L is perpendicular to 

the given line, its sl^pe''*'T»---ipust be such that 

- -Hn^ - 1 J, or m r_ . 
Siuce L contains P - (1|,3) , it has the equation in point-slope form^ 

(y - 3) |(x Ik) / ^ . 



Kiis Is equivalent to 



or 



3x - ;^ - 0 , 



Solution Wc might have developed a more general equation for a line 

L which contains - (x^^Yq) ^ and which Is pon)rnfllcul ar to a li ne with 

equation ax -f by 4 o - 0 ^ (nb / o| . We observe that the nlopc m of 
must be kuch that 

- T-m r- -1 or m :r « . 

b ' a • 

r 

Thus L must have the equation in point-slope form. 
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This is equivalent to 

(3) bx - ay (bXp - sy^) = 0 . 

If Jl|substitute tfcsd^ecif ic values for a , b , , and in this 

gen&al equation, we obtain 

3x - 2y - (3*^ - 2* 3> = 0^ or 3x - 2y « 6 = 0 • 



If ve generalize the notion of angle so that ve may speak meaning;fu2J^ 

%f the measure of the "angle" between two parallel lines, ve may obtain both 

these results as corollaries to the more general problem of determining the 

angle between two lines. Let two parallel directed lines have the same sense 

of direction. Then €Ee projection of each iK)5itive ray of one line on the 

second line is also a ray^and coincides with a^sitive ray of the second line. 

The coincident rays form angles lAose measure is 0^ or* 0 radians. When 

two jferallel directed lines have opiK)Site senses of directiqn, the projection 

of each positive ray of one line on the second line is also a ray, but in this 

case, it is opposite to a positive ray of the second line. The pairs of 

opposite rays form angles whose measure is l80° or n radians* We speak 

of parallel and antiparallel directed lines respectively tp distinguish 

between these two ca^es. 

^ ^ ^ • * • 

Ihe greceding discussion suggests the follpwlng conventions* The 
measure of the angl^ between two yayfl-lel directed lines is said to be 0^ 

or 0 radians. The measure of ^^^angle between two antiparallel lines is 

o ■ 
said to 1^ l80 or a radians. 

Although- the Law of Cosines was not developed for angles of measure 0^ 
or l80^ , the relationship it defecrit^s is still valid. We shall leave jbhe 
justifical^on as an exercise. If this exfcenfsion is made, we may apply 
Equation (l) to parallel tod antiparallel directed lines. In these cases, 
equivalent conditions are that cos 6 = 1 and cog 0 = -1 respectively. 
Thus, if the lines are parallel, cos 6 = ^1 andr Equation (l) becomes . 

1 -h 'Hl^ni^ 



^O 



= 1 1 



This 1b equivalent to 



(1 + T^^f - i\ + ffl^^Kl + fflg^) 

or ' 

2 2 2 2 2 2 

1 + ^m^m^ + =1+ib^ +1112 + ^ 

^J^^ 68 
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ThiB becomes 



or' 



vhich is true if and only if m.^ = . Thus, nonvertical lines are parallel 
if and only if ^ 

(^) cos © = ^ 1 , vbich is equivalent to - ^ 

Thus^ ve may e3cpress the condition that two nonvertical lines arq pamllel 

either in terms of the angle between them or in terms of their slopes. 

' , •» 

/ ■ ^ 

Exagyle 3» Write ^ equation in general form for 

(a) the line cont^ning the i>oint (l,2) and parallel to the 
line L*- {(x,y) : 3x - ^ + 6 = 0) ^ and 

(b) the line containing ^^t^^ parallel to the line 

L - ((x,y) ; ax + by + c =^ 0 , Tihere b ^ 0} . ' 

Solutions , 

(a) The slope of both lines must be , so the required line imist 
haYe as an equation in point-slope form, 

y - 2 |{x - 1) . j' 



« 



This is equivalent to 

2y-l+ = 3x-3,or 3x-gy+l=:0~. 
t \ a 

(b) The slope of both lines must be - — , so the required line must 
have as an equation in iK)int-slope form, * 

This is^equivalent to 



hy - by^ = -ax + ax^ 



\ /\ ax f by - (aXp + by^) = 0 



7fi 




er|c . \a ^ 



2. ; . Since equations rei)resenting lines are frequently given in general form, 
^^jj^£*ite an equivalent expressionjto Equation (1) for the cosine of the angle 
^^■een ■ ^ " 



|en/tvo lines in terms W the coefficients in the ^quations^ 



>i two jaonvertical lines and have respective slopes and 

and be represented by the equations 

2 ■ 



a^x -f b^y + 



= 0 , ^ere 



and 



^0 , 



We havt observed that 



2 2 

2« . + = 0 , vhere + f 0 . 



= - — and 



If we substitute these values' in Equation, (l), we obtain 



COB 9 = 



1 ^ V2. 



1 + 



1 + 



vhich i^i^qUivalent to 



cos $ = 



V2 " 
b.b^ 



2,2 
1 



a^' + b 



1 



2 J 2 
^2 ^^2 



V7 



or 



(6) 



cos\ 9 



^^2 ^ ^i^j 



2 / 2 
^ --^ h V^2 * 



77 



70 



2-7 



2 2 2 2 

Since + b^. ^ 0 and + bg ' Equation (6) is always defined. 



Furthermore, Equation (6) is valid even ^en E^^r is vertical. We 

shall Ifeave the justification as an exercise* 

When tvo lines intersect, two pa^rs of vertical angles are fonaed. If 
the lines are not perpendicular, two of the aflgles are acute, ^Aile the other 
twq|;%tre obtuse and supplemoatary t6 the acute angles. The cosine of an acute 
angle 6 is positive, \^le its obtuse supplement £6^ is such that 
cos e« = - cos 6 r Thils, if we wish to obtain only the acute or right angle 
between lines and , we consider 

! ^ 

'1a-a + b b I 

(7) , cos S = X d X d 



^ +\ -^^2 

^ Exfiingle k» Find the measure of the acute angle between 

{(x,y) : 23^ -'ly 4 25 = 0} and = {(x,y) : 3x - ^ - 5 = 0} . 



Solution, 



\ 

/ 



V2" + (-T)". V3^:+ (-2)" _ 

Examjple 5. Let (i^,m^J and (i^^m^) be pairs of direction numbers 
for lines L-^ and , respectively. Show that io perpendicular to 

if and only If i^l + m^m^ ^ 0 . •* 

' ^ Solution . Tb^s/^ iuggcstG a special ^sc^ of Equation (6), 



cos 0 - 



I 2 7^ r~2 ~~2 

4\ V^2 ^■■^2 
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vhere ^2^^2 coefficients in general forms of equations 

for and respectively* We ^^e considering perpendicularity, vhich 

is equivalent to cos 0 = 0 or the condition 



^2 ^ ^1^2 ^ ^ • 



1 



We have already observed that (-b,a) are direction nunib^s for a line 
L - C(x,y) : ax .+ by + c = 0 , where + b^ 0} . This is true in general, 
as yre shall ask you to Justify in the exercises. Thus, we may write 

'2 - V2 

2,2 



^1^1 ' ^2 



= k^m^ , and bp - , ^Alere: k^ and are 



constants sufih that + f ^ • We substitute these in the necessary and 

sj^ficlent condition above to obtain 

^ kj^m^-k^2 + (-k^Jj)(-k2i2) = 0 > 

vhich is equivalent to 

Since the three equations are- equiv^ent, both the statement and its cor verse 
follow. '* ' 

• * Exercises 2-T 

' 1. Show that the relationship described by the Law of Cosines. 

(d(A,B))^ - (d(A,C))^ + (d(B,C;)^ - 2d{ A,C)d(B,C) cOs C 
is also valid in the cases illustrated by 
(a) - 



B 



A 



and 



(b) 



A 



B 



That is. Justify the use of the Law of Cosines with angles of measure 
0° and 1^° . ■ * ^ 
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2. Shov that Equation (6) in the text is valid when ■ ' , 

(a) one line is vertical. (Let = {(x,y) : a^x + = 0 , 0) 
and ="{(x,y) : -a^x + b^y + = 0 , a^^ + 0}) 

(b) botn lines are vertical. (Let L^ = *{(x,y) : a^?c + = 0 0) 
- and Lg = {(x,y) : a^x + Cg = 0 , a^ ,^ 0).) 

3. Which, if any, .of the lines with the given equations are parallel? 
perpendicular? the sau^ line? 

^ L. : y = |x - 3 . : = V ' ^ ' ' 

2 3 _ . 5 -6^3 -11 -1 

L^ : Bx + 6y - 15 = 0 • * . 

h. Find an angleslietveen each of the pairs of lines with' the kiven equations. 

(a) 2x - 3y +. 1 = 0 , X - ^ + 3 = 0 

(b) x + 2y + 3 = 0 , y = 2x - 4 \ 

' (c). y = 3 , X + y = 7 . .- " * 

(d) 3x + 2y + 5=:0,x-?y + 5 = o 

(e) y - 2x - 5 , i+x -"^y + 7 = 0 ' . . 

(f) y = 2 , X = 3 

5- If P = (a,b)^ Q = ,(-b,a) , and + b^ ^ 0 , show that OP j_ OQ . 

6, Let = {(x,y) 1 2x - 3y + = 0} and L^ = {{x,y) : 3x + y - 2 = 0} . \ 
Write an equation in general form of a line L^ which is: , 

{a) \\ and contains the origin. 

'(b) I I Lg and contains the point (1,5) . 

(c) J_ L^- and contains the point. (3,^) . 

(d) '1 and contains the point (2,-l) , 

7. Find an equation for a line meeting the following conditions: 

♦ 

(a) Parallel to L = {(x,y) : 2x - 5y + 7 = 0)*^ and containing = (2,7) 

(b) Perpendicular to L = {(x,y) : 3x + 2y - 1 = 0} , ' containing (2,7) . 

(c) The. perpendicular bisector of , if A = (-3,2) and B = (5,-1) . 

(d) Parallel to the *;-axis and containing = (5,7) . \ 

(e) Parallel to the y- axis 'and containing P^ = (5,7) . 
O 73 
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Quadrilateral ABCD is a parallelogram. Find the coordinates of D 
if A = (1,2) , B = (5,7) , C = (8,-3) . If the order of the vertices 
of the parallelogram vere not specified, how u^ny possibilities would 
there be for D? ' . 

/9m A line makes an angle ^ose cosiness ^ vlth 

= {(x,y) : 3x - y + 5 = 0} . What is the slope of ? 
Find its equation if it contains the point (l/-2) • 

10. Let <5,1) , ^ ^ .(-2,3) , aAd C = (-3,^) • • . 
' • - ^ ^ ^ 

(a) Ifrite the equations of ^ , BC , and CA in gene'bal form^, ^ 

- (b) What is the slope of'. each of these lines? . , 

(c) Find the measures of the thrfee angles of triangle ABC . .^^ : 

(d) "witte equations of the lines containing the' altitudes of 
triaiigle ABC in generai form- . 

11. Let L^ =Kx,y) : a^x + b^,^^ + c^ = 0 , ^ere a^^ + b^^ ^ 0} and ' 

' Lg - {(x,y) : a^x + b^y + ^ 0 ^, vhere a^ + bg ^ <^ . 

Let L * be perpendicular to L. , smd contain the origin and . 
1 ' . • , 

let L * be perpendicular to L and contain the origin. .V 

(a) Write equations for L^' and L^* in general form.^,.- • , 
■(b) If L and L^, form an /e , prove that thor.e is an , formed 

'by * and L * , such that cos 0 = cos. 0^ • " :^ . 

(c) Interpret the results of Part (b)* Jn" vords** "• , - 
• ' ■ . • V, ' ' •> ' 

12. ^Shov that if -lines ■ and have paLrs- of direction cosines ,. 

(A,^,!!,) and respectively, then ■ , ' ' , 

.. (a) A^Ag +Vil^2 = ^ f vherc £9 is an angle f ormed V L^- and , 

(b) \\'ho + ^h^2^ - cos e , vtiere /e Is the least angle fortned by 

and , arid ' .■ . ' 

(c) + \x-j[in ^ 0 if and only if and 'are perpendicular. . 



SI 
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2-8. Hormal and ^lar Forms of an Equation of a Line . 

In this section ve shall intreduce forms of an equation of a line which • 
display the geometric properties discussed 'in the larft section. We shall also 
consider a related expressiorf .for the distance between a point and a line. 

Kormal Fomw • The result Aof Example 5 in Section 2-6 suggest another 
characterization of a line in a plane. This characterization leads to yet 
another /form of an equation of a lin^j the form has several useful applica- 
tions. \ 

Once a , rectangular coordinate system h€is beer^'&efined in a plane, any 
directed segment OP , emanating from the origin and terminating at another'^- 
,point P in the plan^ Us det^pjined by the distance d(0,P) find the 
direction cdfeine^, cOs a = A and cos p = • pL , of the ray ' OP . In the plane, 
arty line L which does not conteiin the origin may be described simply as the 
set of i^i^ipts which is perpendicular, or normal , to the directed segnient^ OP 
at P . The directed s^gment^ OP i^ 'also said to be normal to L , and is 
called the' normal segment of .L .^The distance d(05'P)^^is called the normal 
distance^ of ^ L 



fn Figure 2-l6 we 



is,, of course, Che d 
e let OP^'^be^the 



e distaruje from 0 to L ). 



<3(0,Pq) 



normal segment of L and let 'p 
Then'. P^ r.(p cos a , p cosi = (pA,P|a) . 
Now ^P>s,Pji) is also a pair^of direction 
number^ for, the line OP^ • If p = (x,y) 
is%iy point of L other t^sn P^ ,^ 
(x - pA , y - V[i) is s. pair of direction 
numbers for L . 1 i 



As we have seVi in Exampiie -5 of 
Section ?-7. L is normal to *tF„ at 



0 



if and only if pA(x - pA) + pU(y - W.) ^ 0 
We note that the coordinr^tcs of the point 




Pq al.^ satisfy this equation. 



Figure ^-l6 
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The equation is equivalent to » " ^ -/^^ 

2 2 

r . Ax + ny - p(>i + vt ) = 0 . ^ ^ V 

a '2 ' ' . ' . ^ - ,. • ■ 

Since + |i - 1 , this may be written as, ; • . 

•(1) Ax 4.^|iy.'- p = 0 , * 

^ich is Called a normal form of an equation of a line. We cannot stress too 

. ■ • # - ; ' . - . * 

* strongly that in this form >^ anS \i are Jiot direction cosines of the line 

elf, but pf ths*- normal segment. Th^ constant p- 'Is always i^sltive and 

the distance between the origin and the line, , / 

• We may always express an equation of a line in general fopBt'^Exairrple ^ 
'-in Section ^-6 also suggests how we^ may find the normal torm of' an equation of 
*a line' L which does not contain ihe origin. Let \j = ((x,y)' ; ax -f by + c -,0 
where (a + b )c,ft 0) . Ih^'normal foitn'of such an equatlbn^ is a special case 
of the general form. Both ^e linear eq#ations^ and two linear equations are 
equivalent * if an^ only if thei:^ corresponding coefficients are projMDrtional* 
Thus, ^ the pair (a,b) is equivalent^ to the normalized pair of 
direction numbers for the normal segrient. Corfsequently, (a,!)) is a pair of 
direction numbers fpr the normal segment .and 

• (7^,(1).^ , ^ \ or f — , . '^^ \ > 

:wT7 vCrr7v yj77 ^^TT?/ 

Our ^oice' between thes^ two' possibiliticffe is determined by the^equirement 

that. p-> 0 . If c < 0 Xn the equati6n ax + by + c= 0', we divide by 

' / 2 2^. ' 2 

/a + b to obtain -the normal form: if c > Q ,.we divide by - Va 4 ^ 



to obtain -the normal form; if c > Q ,.we divide by 

' Example 1^, ' J^rite 3x - % + 12 = 0 in norm^ form. 

Solution . San®e the ctDnstant term iSfpc^itive, we divide^by 
^ /"p — f 

- V3 +'(-^) = -5 i to obtain < ' , ' * -N 

^We see from the equation that/ the noraal distance is — cqs a ' n 

'■ .'■ _ . . :* ■ ■ . 5 - . 



^ Example^ Put the equation 
Solution. 



5 



5y - 20 - 0 in nqjnsEuL form.' 



' ' - ^ 21 ^ 5 y _ 20 

We haW not considered lines containirig the origin. In the general form 
of an equatiOA fq^ ^ line J^^^ c • is\ero.. ISiere is no directed segn^nt 

normal to the line emanating fropi-the ortsUi,. por is there' Sl- ufiique standard ' \ 
procedure i'ri -fthis c^&i^* Soiae inatfie^ti clans' hold that there are two normal 
forms • corresponding to the normal rays 

OP and OQ^as illustrated in Jlgtire ' ^ ^ 

2-17 1 cbhers prefer a unique '^orm corre- 

spondiiig to the normal ray for vhich 

0<cr<'l80° and 0<^.<90°. In, . 

the firsts case we obtain a normal form 

by dividing a general form with c = 0 

. /s 2 1 2 2 

hy either Va ^ b or. - 'Va 4- b p 

in the second cEise, we ob-fealn a- unique 

• normal form by dividi;^ by 

/"i 2 , ^ . 

Va + b when b > 0 by -va ^ ^ b 
when b < 0 , and by a when b-=; 0 
You may follow either convention. ' 



• 

L ' 




^ / \ 








•J 





Figure 2-17 




the oiorimaT forms df equations of the lines 
(aj = '{(x,y) : 3x + Ji^. = 0} . . • 

(b) L,, = {/x,y) : 3x '- 2y ^ 0) ' 

(c) - {(x,y) : -2x - 0} . ^ , 




'•J 



Solution. 



I 



(a) Alternate foms: J-x 4- W = 6 or - 1^ - ^ ^ 

5 5 * 5 5 



3 k 

Uniqiuj form; —x I- — y = 0 
^ 5 5 



(b) AlternateTdrms: x 

•» /[J VT3 

• * 3 2 ^ 
Uciique form: - —yx 4 = 0 



(c) Alternate fonBsf x - 0 or, .-x - 0 
Unique form: x - o - . 



- : 0 or . — p^x ^ y 



_:Lx — y - 0 \ 



I 
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A useful application related- to the normal form is to find the distance 
betveeii a point = (>^,y-^) and a line L = {(x,y) : 'Ax + - P - 0) , 

We illustrate this situation in Figure 
2-18. F is the projection of P-^ ^ 
onto L and ve wish to find dCP^^jF) . 

There exists a unique line K, which 

\ 1 

is parallel to L ',and which contains 

. L^* is represented by ^he equation . 

?vx + - p^ = 0 ^ Since contains^ 

(x^,y^) , 7.^ + - Pi - 0 ':Or ^ 



7 ■ 



M 



, . .There are se"*"eral . cases to. considei', 
IricXuding the following two: 




Figure 2-18 



i) 0 and P-j_ are on opposite tides of' L-, SjS in Fl;^re 2-l8. In this 



case,, ' ^(P-L/F) = p^ - p = 7\x^ + 



4^ 



] 



ii) P^ is on tW^same side of L * 0 ; P^ is farther than 0 from 

L In this case, .©the , normal segment to" has the opposite sense' 

of direction and , Its direction cosmos are -A, -jl « Hence^ its 

normal distance is -Xx^ - ijy^ ^ or -p.^' , and 

d(P^,f;) = p V («p^) |?vx^ ny.^ - p| 

You may findr\t helpful to draxS^* a figure to illffstratXthr* s.ocond situation. 

We leavV4hc other possibilities as an exercise, ^rln each case tjie 
distance d between the (point P^ ^^.fY.) a^id t:he»line 
L = {(x^) : Ax My - P - 0} l,s given by * * ' . 



C2) 



ax^ + by^ \ c| 



Example 3. Fim3 tfce. distance between P = (3,-^0)* and 
X - ((x,y) : 3x - ]P ='0} . . : ' ^ 

^ Solution. From Jlquatlon {2) we obtain 



^5 
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Polar Form , The analytic representation of a line in a plane vith a 
polar coordinate system is similar to the normal form. 



= (r,e) 




Figure 2-19 



In Figui-e 2-19 we illustrate a line L in a plane with a polar 
coordinate system* Let OD be the normal segment to L , let ' p "be the 
normal distance, and let ^ be the polar angle of D . If P = (r,0) is 
aiiy point of L other than D , then in right triangle ODP ve have 

(3) - ^ cos(e -co) = P , ^ 

vhick is called the polar form of an equation of a Ijjae which does not 
contain the pole. We note that. D - (p,a)) satisfies EqulHion (3) and that, 
sin6e cos(a)' ^ 9) = cos(0 - od) ,>the '^equation is valid for points whose 
polar angle has measure 9 vhich is less than co - 

. Points are on a line L containing the pole if and only if they may all' 
be described by the same or equivalent polar angles. Thi^, \the * represen- 
tations of u line containing the pole are 

h - {(r^6) : 6^= k + , where k is real and n is an integer)^, 

or : ' . ' 

L = {(r,0) : ^ = 4- l^^n^ , \^ieA> k -^J^Q^^re^i^^ij^ n is an iriteger^^ 

The appearance of Uie de^^rec^ r,ymbo] in the second re^rcsentat-ion does not mean 
that the right-hand member of the equation do^s not represent a olmF>le reaJ 
number; rather, it i s a convention to indic^e that the arif^l e ir, measured in 
degrees.^ 

^ \ 
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Exaiig)le 

(a) Find a polar form of an equation of the line vith inclination 

^ 135° and ^ose distance from the pole is 2 • 

) (b) Find a polar equation for a line Containing the pole with 

^ o 

inclination 60 « 



Solution^ 



\ 



(qV If the line intersects liie polar axis, the polar angle o^ the 
jiorraal segment is ^ ^ and'^'tJie polar form of an equation is 



r cos 



If the line intersects the ray opposite to the polar axis^ the ^ 
polar angle of th^ normal segment is ^ , and the polar f^^ of 
an eq;iation is * . 

r cos(e - = 2 ^' 

(b) The line. has polar equations - 

i * 

0 = i + n3^ , vhcre n is an integer, ^ 

or * ' ' * ' ' * 

■ •# 

e =^ 60° + l80n , where n - is^-an integer. 

m 

If a line hfis already been represented in a rectangular coordinate 
system as ' ■ ■ • 

- [(x,y) : ax 4- by f c :r 0 ^ a " ^ b ' / 0} , ^ 

we may obtain a polfir equation, in the related ixDlar coordinate system simply 
by substitution from tho relatipns x = r cos 0 and y = r sin 0 . The 
equation becomes ^ ■ ^ ' - ''^^ 

(H) a r cos 0 + b r sin 0 + c ^ 0 , wi^iere a + b"^ / 0 . . 

- In order to see how this equation is related to the usual polar form, 
we recall thiit ax' 4- by -f . d - 0 has ttie equivalent normal form 

+ ny - p - 0 , with the corresponding coefficients^ proportional. Further- 
more, A - cos a and \x cos p , vhere /a and are the direction angles 
of "the normal segment. In the polar coordinate system which we have assumed 
to' relate the coordinates, \re let ^ be a polar angle whiah contains the 
normal scfenent of ,L • Tljus cd - ^ ot and cos 4U 00s a - ?^ • Furthermore, 
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sin 0) = cosP = |i • If you have worked Exercise T of* Section 2-6, jrou should 
already aware that this is'^ruej otherwise, you should Justify now that 
it is ^oV 

^ • • 

Let >;jc + |iy-*p = 0 be the normal form of Equation (k). We substitute 
for X , ll , and^^^^s to obtain 

^ cos 0) • r cos 0 + sin o) • r sin 0 - p = 0 , 

\ 

or 

r( cos 0 cos 0) + sin 0 sin O)) - p , 
vhich is equivalent to . " ' 

r cos(0 - a>) = p • 

Exac^ le Assume the usual orientation , of the polar axis axxd find the 
polar form of an equation of the line r . 

(a) 2 .units to the right of the pole and perpendicular to the polar 
axis, ' , ' ' * 

(b) 3 units above the pole and parallel to the polar axis," 

(c) 1 unit to jbhe ieft of the pole and perpendicular to the polar' 
' * ' axis, 

(d) k units below the pole and parallel to the polar axis* , 

(e) L = {(x,y^ : -X + 1% - 12 = 0} . 

' Solution ^ ^ . . 

(a) Since the length and polar angle of the normal segment are 2 and 
^ 0 respecfively, the polar form of an equation is r cos 9 - 2 . 

(b) r co8(6 - tt) = 3 » A simpler equation is r sin 0 = 3, 

,{c) r eos(0 - It) - 1 . Another equation is r cos S.-^l • 

' ' ^ o 

(d) r cos(0- 270 ) = ^ . Another equation Is r sin 0 =: . 

• (e) X -/^y - 1? - D is equivalent to the normal form 

..„. 7 ■ . . |x.4-y , 6 = 0, 
I . 

and ther corresponding polar equation - 

■■■■■ • ■ • ' 1 ■ ' vj. ■ . 

2 r cos 8 + -^r sin 9 '- 6 - p , . 
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9 

or 



(5) 



- r(^ cos 0 4- ^ sin fl) .= 6 , 



Xf we iet -t: = cos CD an.d sin o) , we obtaitl — as a suitable value 

for o) • We substitute in Equation (5) to obtain 



r(cos ^ cos 9 + sin ^ sin 6) ^ 



Qir 



r cos(6 - - 6 , 



1 



i ■ 



i which fs ifs^olar form. r • 

^ *^ pfxample 6. ' Assume the- usuaJ i^elatioriship^b^etweeii the polSr axis and the 

t ' X • and y-axes and wite an equivalent equation in rectangular coordinates for 

. r cos(0^- o)) ^ p - ^ ' 



Solution ^" If wo exiiHn cos(e - oj) , we obtain the equaUon- 
r COG Q coo o) * r sin e sin cjo ^ P . 

Since X - r cos 6 ^and y - r sLn 0 , this is equivalent to ^ 
((.) X cbs f y >in o) = p • 

Because cos o) - X and 3in oj =^ Li , Equation (6) is sometimes called the 
'normal to I'm of an equation of *a linc'. 



Exercises 2-H A v 

> 

1. Write each of ^iu^ rolkowin^^ liquations in normal form: 



(a)./; 




- Jy ! 1^) - 0 


(^0 


IPX - 5y ^ 0 


(b) 






(h) 


Yy - ?o ■■ 


(c) 




- f!y - (. - 0 




9x + i 5 0* 


(d) 






(J) 


X y , 

12 5 ^ • 


(e) 

« f 


y ■ 


■ .ix- - Y 


(kf 


y X 
B ' 15 " 


(f) 


y - 


, _ J.X + p- ' 
■ 15 


(1) 


y- P - 


> 









" H2. 8,9 



.ERIC . • . ,: o,-* . 



2« ^ For Parts (a) and (b) of Exercise 1, draw the normal* segment by using ' 
^4J>e information, conjcerning a , and p vhich is supplied by '-^he 
equation. Then draw the line perpendicular to the normal segment at^ 
^ its terminal point. Verify that this Is the line represented, by^the 
given -'equation. ' ' ' . 

3. Without using rectangular^ coordinates write in polar form the equation 
^ of a line » 

(a) which is pai-allel to the polar axis and k- units it. 

(b) which is perpendicular to the polar axis and h units to' the 

rl(^ht ot the pole. * 

# ■ 

(c) througli the pole with slope .-/J . ' 

(d) which contains the point (-3,135 ) and has inclination ^5° ' 
y (e) which contains the point (3^0) and has inclination 30° , 

(f) wiiich contains the point (2,J) and has inclination ^5° , . 

^ (g) which is perpendicular to the line with equation r oohid - ^) - 2 
and contains the point (^t-,-^) • , * ; < ' 

(h) which is parallel to th^ line with equation r cos(0 - j^) ^' I 
I and contains the point (2,-135°) • 

Trans fiormreach of the- following c?quati.on5 to fX5l ai* form. ' / ' 

(n) X - h ^ 0 ' ' ■ '' 

' (b) y t . 0 

(c) X - 0^ 

"(d) ^ » y ^ r 0 

(v) ix - () ~ 0 . . . 

(f) X -f /3y^ -2^0 ^ 

5. hv.t L {(x,y) : Ax 4 ^y- P ^ 0 , wtiore- :■ ]} cuid let V 

(x^,yP • Gh'ow i,hal (llntancc between ' cmd ;L is, 

•j?^x.j -f- i^iy^ - p^j' when 

(a) S^on L . If 

(b) P ic^ on the same rilcio of* L an 'the orlr;In 0 '\ P I:; closer ., 
than 0 to L . ' ■ 

(c) P^ is on Ehf^ same side of " L ^ ru5 0.; P-^ ^ unci 0 ' are c»qu 1 d i st;iiit 
from L . . " - . 
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6, Find i^e distance betwfeen P and !« ' 
' a) P = .'( 6, 8) ; L = ■ { ( x,y ) 12x - 5/ +.'a6 = p) 

(b) P = (-.3,'2) I L = ((x;y) 3x - ky - 5 = 0) 
^(c) P = '(>5,-7) J L » (J(x,y) : y = |x - 7); . 
(a) P = (^-5) = {(x,y) : f +f - J) 

(e) 'p"= (8,11) ; L = l(x,y) J V,r ^ -'.^x- - l)) . ^ > ' 

7, Find equations of the lines' bisecting the angles formed by the. lines 

' \ = ({x,y) t'iJc - l^y'+ 5 ='0l. feind = t(x,yy : -t2x + 5y.- 13 = 0) 

•Hihi: ,How is ^ angle 'biatectoi* described as a^cus? 

8. Find equations of the lines bisecting l^ie w^l^ formed ^^ 

\ = f(x,y) :/3x. - \y '+''^ y 0> and* Lg {(«ic;^) ,: -ISx - 5y - .6o = 0} 

(See Exercise,^?.). .., .... , , 

9. Find equations of the lin^s .bisectifte t^e angle^ formed by the lines 

v'Kx,y,) : 7^k:^-\i^y V-^ , Xf?- +. M^^.-f .U^ 'and ■ 

(See;.Ibc«rQise 7f ) ■ ' , - /.v ' ' 

10. Write the equation r cos ^ '-3 a :tn'^ecta3')^ar coor,dinates, 

■ ^ ■ ' 'y.:.-^- . - ■ ■. 

111. Write the equation "x r y'= 0' in polar coordinates, , ^ ^ , . 
^ 12, '.Write the •equation . x -^-y . 3^ in polar coordinates. , ■ 



13» Write tlie equation r =*>U' cos^S • iri'T^ctailgalar coorairiates. 
. ■ * Hint: Multiply both jnembers of the' ^feqU&b'Jpn by | ./Ch'eck" that -th^ 
. . pole is in the grapi^" pf ."Ijhe original equation. Explain >dxy you must"^ 
■ maic^^this check.^- ■ ' " !■ ■< 

' ' ik. Write ''the"' equation . r' = ;2a cos . 0 in rectangular coordinatl||||- ■■• 
( See Eicercise-i3, ) ' - .^ , ■■ •■ . ' ■ " , , 

' •15. Transform to' rectangular form.;:- ^ ' ■ : , '• •,. . « • 

.,(a> 'e ='6d°.; ■. . ■. . " - " ' 

(b) 'r'sln 0 + V='bv. ' * • 

■ <c) ^ ='5. . ^ ••■ ,.. : ■ V.-.;-, • : 

' '; i6. Sketch ,the locus "dT .each lequation in Exercise I5. ' . 



2*2' 

IT* (a) Transform x + y - 4x = 0 into polar doordinates. 

^ (b) Transf oTai "^i^ 5 cos 0 - 3- sin Q'^ipto rectangular coordinates* 
• ; (c) Transform r cos(e - ~\ k into rectaiigvilar coordinates* 

(a) Traneform (x + y + y) x + yiT'^tp, polar coordinates, . V 

■ " . ^ 

In this .chapter you have encountered many topics vhich vere already ' . 
familial^ from various Sources, pur hope is that by gathering 'tto^ together, 
we haye 9ffered you not only t)ie chance * to refresh your men^ry, but also new 
insight intp the coherence and ^application of these ideasip , ' " 

We finest considered the basis for coordln^ites on a line €ind the 
characterizat^oti of subsets iof a line in terms of coordinates. Next we 
' reviewed with cai-e the rectangular coordinate syst^ in rthe plane and various 
' analytic .representations of a line , in 'the plane. ' ' ; 

PdlsLf coordinates may >rell a concept new to vou, « Relations of both 
mathematical interest -and "physical importance may TJften be represented most 
simply by 'equations in polar co6rdlr\ates^ •.^-^ " ' t • ^, 

We have str'essed our freedom of choice in introducing coordinate systenjs,. 
The. ease of our solution of pro'blems depends in part upon our foresight in 
,^^^t8bllBh±xig^S^r£xGsa^^ of." referee. ^ , . 

In problem solving the danger aJways exists that we might let thje 
algebra do our thinking for OS* A geometric interpretation will hoth gui<3e 
, and control our! application of algebraic technique?. Throughout this chapter 
we have , emph^sl zed the^ roles of algelira and geometry in the interpretation of 
such cgri3g2lig^a%-con^ue;^c^, betweenness, direction .on .6 line, the measure, of 
aisles, and the 'measure of distance between, points and lines. , ^ 

In the next chapter we^shall study veetors/^'^ctoFs form in themselves 
- ; a bridge between geomotiy and al4ebra^ for they arfe* geometric objects 
for whi%h algebraic"c55)erations are defined. • . . 
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Iteview Exercises - Section 2-6 through Section 2-8 

1. Find a pal^ of direction numbers, a pair of direction cosines, and a 
pair of .direction angles for ^ * . 

(a) tYtp line containing the points (-3/r) and (^,-3) * 

(b) a line vith slope ^ . 



(c) a ray eia&natlng from <2,3) and containing . (-^^8) 

(d) the line L - (C^^y) ' - 7y + P) • 

(e) L - {(x,y) : ^ - ^TfTT^ ' 

(f) = ((x,y) : y = + 9} ■ 

(g) .1- - ((x,y) : I + = 1} . 

(h) L = l(x,y) : y + 2 = ^i^l (x - 5)} .■ 



2, In each part below determine whether the three points are collinear. 

(a) (11,13) y i-^A) ,.and (1,5) . ' . » ' 

(b) (1,-2) , (-5,7) , and (6,-lP) . 

(c-) (23,17) , (-1,-1) , and (-17,-13) . ' . ^ " 

(d) (0,-iO , (-3,a>, and (5,-11^ . ' 

' . . ' » ' ■ > 'X 

/■ .In Exercisea 3-8 let A ^ - (^^,5) , C - (^,-1) . v^' 

**• j. ^Find the distances: d(A.,B) , d(A^C) , d(B,C) . 

■ k. Write in General ^orm the equations of the 'three lines AB , AC , BC . 

5. Use'the results oT EScorclse h to find the lengths of th^ three altitudes 

AABC,. . . ' , . - .. 

6. Use«the results of-Exercioes 3 and '5 to find the area of: A^VBCi 

7. In MBC , find equations of* 

(a) the line containing the bi sec lor of . 
t, (b) the line containing the bisector of . «^ — ■ ^ * " 

(c) the line containing the bisector of [p" - \ ^ 

In Exercises B-11 , let . L-j^ - {(x,y) : 2x - 3y + ^> - 0} , ^ ^ 

- {(x,y) : 3x + Hy,- 12 - 0} , 

I and . - - ' V ii^,y) ^ - '^'y- + • 
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8.'' Find the distance frc^ 



(a) A to each^of the lines 1 L. ,^L^', L... 

. (y^) B to- each of the lines \Lj_ ^ , L^' . 

(c) C 'to each of the linee \ g/^o ^ ^ • 

9. Find equatiqns for the two angle bisectors of the angles formed by 

(a) Kl', . " * .; V. 

(c) ^2 , . - * 

10, Find the distances between the \^aralld^llnes : v 
(a) as^boye, and - - {(x,y) : P-X - 3y + 12 = 0}\ 
^) as above, and = {(x^y) : 3x + l|y - 1 = "0} . 

. ^^c) L, as above, and =: {(x,y) : x - 2y + 10 = 0} . 

11, Find two points pu vhiph are J. uHfts away from L . 

■ * -* . " . 

12, ^nd the angl^Jjptween - {(x,y) : - jrrx'^ 



13. Sfiov that L, 



X - 3 y - ^. 



^^[(x,y) : _ ^ ^ I "2 ^ perpendicular to • 

Find^ the arie,leK between and - L^ 7- ^edtere contains the points 

. .(3^^) and (-1,-1) , and contains the points (-^,6) and (3,0) , 

15. 'Find the measure or the angle^ whose ^sides have pairs of direction" co^inieG, 

respectively.' 



16. Show that triangle ABC is a riijht. triangle, vherc A - (j,'0 , 
.B = (-2,7) ,. and C (6,9) . '. • . 
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17. Find the nonnal form* of the -equations 
, - (a) 3x - 7y + 29 = 0 . 

(b) y =gx +58 . * \ 



J 



(d) 3x - 7y = 0 . 

(e) 7 - 5x . 

l8. Find the polar form of the equation of thb line 

(a) which intersects the polar axis at (2,0) and has inclination 

(b) Vhich is perpendicular to the 5>Qlar axis at a point i|. uni^s 
fran the pole on the ray o^osite to the polar axis. 

^j^c) contains the pole and the point '(7,1^7^) • 



19. Transform to^rectanguletr coo3:^inates : 



(a) r cos(e-^ T^>=^ 

(b) 3r sin 9 - hr cos 0 ^ 12 
20. Transfon^i'to polar coordinates: 

X/ . y 



'CheuLlenge Exercises 
For each of Exercises 1-6 vrite an eqliation to represent -^11 lines^ 
1, parallel to 'ix ^ + 10 = 0 , 
2s perpendicular to 3x - hy +^10. , 
3. ' containing the origin, 

0 

U, containing the point (2,3) , ^ . ^ 

5. c^R4^ning the poiht )i(it,0) and parallel to line in Exercise 1 , 

♦ » 

6b having^Slope -3 . ^ J* _ , 

• ^^^^ 

, 7. Prove analyt5.caJ.ly that the .lines containing biDectorG of the an 
formed by any two intersecting lines are perpendicular. 
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8. Prove: If ! = (x^,y^) is not* on .. L = {(x,y) : ax + by + c^= f(x,y) = 0} 
then f(x,y) f(x^,y^) Is an equation of a line parallel to L . 

In Exercises 9-13 let A (o,o) , B =v(l,0) / and C - (a,b) ] where h ^ 0 

; s ' . r 

9. Pi^ove that the lines ^^orxteining the altitudes of triangl^s^ ABC are 

\concurrent at appoint H . Find the coordinates of H . 

iCVFrcfve tjiat the lines containing the mediarls of triangle ABC are con 
curi^ent.at a point G , Find the coordinates of ,G . . 

11. Prove that the lines containing the bisectors of the angles of triangle 
ABC are concurrent at appoint I , Find the coor^natfes of point I . 

12. Prove that "the perpendicular ^bisectors of the sides of triangle ABC 
* are concurrent at a point E . Find the coordinates of point E . 

13. Prove that the points H , G , and, E ^ in Exercises 9^ 10, and 12 " , 
c<!>llinear. Find an equation of the line containing them. ' 
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Chapter 3 



VECTOBS A3SII THEIR APPLICATIONS 



3-^- Why Study* '^/ectors" ? . . ' * - " ' 

... ■ ■ . 

The uee of vectors is .becoming increasingly imjxjrtant. For example, many . 

of the problems regarding space travel and ordinary air tra^^el on the earth 

are solved vector methods. %, / ' * 
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' Vectors were created by the mathematical ph;fsicist8 William a, Ha(^%g 
and'HeiTnen Grassman in about the middle of the^ ninetieenfh centujry tcr*solve*the . 
many 'problems involving forces and motion. SiOrCe that time vectors^ havf been 
applied in i^tny branches of' science, engineering, and mathematics- The worfc ' . 
of Hamilton arid Grassman was based on the earlier dev.elopnfent of analytic \ 
geometry by Rene Descartes and Pierre Permat in the seventeenth century. \- 

# ' t V ' , ' ' 

* Vector isethods and the Tion- vector methods of analytic, geometry are bbth"^ 

widely used in provin^l^eometric theorems *and th§fy have beccaae so it^erwoven • 

- tl^^it is at times impossible to separate? thep, ^ih fact, ^several" Books have ^ 

been published recently under titles such as ''Analytic GeOTietry:. A Vectcyr 

A|^roach", arjd courses in calptiluQ make extensive use of both^ vector and non- 

•tbctar. methods interchangejably.^ This Is one of the pifiacipal re^ons for^in- 

' eluding tills chapter i^i bur bookj--to give you pn additional tool t0 apply to^ 

find interesting relations among geometric objects and to provfe scane geqpietric^ 

theoremls. An additional reason is the future need in scientific or engineer-^ ^ 

ing sl^udies or in mathematics courses* ' * /* * • 

To understand what follows you should recall what*, yp&i learned'fn your 
course in geometry.. If yoti have^ studied aboUt vectors* before, part of this ^ 
' material will^ serve as a review and you m&y be interested in comparing the tyo 
' y^proaches ;to the subject. However, 'no knoVled^ of, vectors is assumed* 
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3-2. Directed Line Segments and Vectprs . ^ ' 

In Chapter 2 we encountered directed l^ghe ^egraents, which possess both 
direction and magnitude. 'A simple ''example of this^gepn^tric concept is that 

^ " ■ ' ' " 91 97 



. of motion or displacement along a line* Let us say a boy starts at a given 
poii).t and^ walls© two lailes/ We don't know much about ^s trip until we ore 
told 1^6 direction in wblch he walks or'the iK)int at which he ends, A dis- 
placement'' can then be, represented in one of two ways; \ , * ^ 

(a^ By a directed segment extending a given distance in a given 

• direction from a given point, 
(b) ^ By a pair -of iKjlnts, one identified as the sj;arting or initial 
point, the other as the ending or, terminal point. 

The symbol -^/AB is used to denote such a directed line segment who9e 
initial point is A ^and ^ose terminal point is B • . ' , 

DEFINITION , By tfeej nmgnitude of the directed line Hl^aetit AB.' we 
mean d(A,B) , the leifgtlv of the, associate^ segmeht S . 

% We now turn our attention to the concept of a vector ^ lAlch is closely 

' related to the geometric concept of a directed* line segment. Vectora were* * 

i created by physicists to deal with concepts such as force, acceleration, 
^velocity, flow of heat, and flow of electricity. 



To understand this new concept, we need the following definition: 



♦ DEFIRITION . Directed line segments will be considered equivalent if 
and only if they . .' ' 

^ ^^(l) lie on the. same or parallel lines, ' - 

(2\ have the sajae sense of direction, and - ' 

'(3) have the same Aiagnitude.^ 

« 

For convenience, we shall use the term "parallel" in the sense of statement 

* « « 

(1). The phrase "if and only 'if" means that the statement and its converse 

are bath' true. ^ ' . ' - 

, . laiFINITIOK , The infinite set of directed line segments equivalent 
to ^y given directed line . segment is called a Vector. 

To understand more fully the concept of a yectgr let us rec|ll an analogy 

from arithmetic. Here we have an Infinite set of , equivalent fractions which 

'1 2 3 5 ' 1 1 

represent the • same quantity; e^g. j ^ ^ j j 22 ' * ^ " Such a sete v 
is called a rational number. ^ v 
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• ■ • ■ • r 

11*^18 cc^qpion in many texts to use the vord vector to mean, not the whole 
get of equivalent directed line segments^ but aJiy single mamber of. that set. 
When convenient, and when there is no ambigi^ty we will follow this prqcedure. 
When we us6 the word vector in this way, and say that two, vectors are equal , ' , 
^ we mean they are mgimbers of the same set of equivalent directed* line segme/ts. 

In the case of the representation of ra^onal numbers, when we say jj- = ^ we 



mean that*' these two fractions represent bbxt^ rationE^J. number. We shall . • 
represent a vector by any of its members and 'we shall denote such directed 
line segntents by ^ , ^ , , • « • » * . 

Each rational numbe^ has a representative which Is considered the 
"simplest", and that is the member whose numerator and denojnina€or have no ^ 

• 1 ' ' ' . 

'Common factor. ^ In the example above, ^ is the simplest re^y^entative of 

• ' ' r • • ' • ' ' 

the rational number, " 

In the same way, i^Vill be convenient to have a "simplest" representative 
f^r each vector. For this purpose we. require ^ference point in space which 



we shSll call the origin. Any pbipt in space can serve as the origin, and {to 
emphasize this freedon, we state the following principle: 



CglGIN PRINCIPLE : Vectors may be related to any point ip space 
s an orlgj.n. ^ ^ » 



1 



2^ 



.The usefulness^ of this principle will become evident when vectors jare applied 
to the solution of problems. , 

After lan origin is selected in, space, each vector (or equiyfilent set qf - 
directed line segments) contains a unique member with this origin ^ its 
' initial, point. shall call this men?ber the origin-vector and it will serve 
as the "simplest** representative of the vector. T^ie symbol A will be the^^ 
origin-veotor representation for the vector ^ , B for b , . . * as shown in 
Figure 3-1, Note that to each point A of the plane there now corresponds a 
unique origin-vector A*^^. 
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Figure 3-i ^ 
• It is iinportant to note that we do not always wish to use the aiiapflest \ 

m ' 'I 

representative. For example. In adding sbid ^ , we find it moat cd^ivenient . 

to use the member ^ instead «f ^ and | instead of ^ LikewiSte, in 

dealing with vectors, we shaU frequently find it more convenient, jto use a 
repreaeotative of Its Set other than the origin-.vector.^ . « 

Vector^ are very frequently asjBociate'd with real nutobers. In .discusBlona 
involving vectors, real nvanbers^ll be referred to as 'scalars' . Qie acalav 
whi6h is the length of "S Vill'be denoted by ja"! and wiU be referred _to 
as its magnitude 6t ^solute value . Other examples of scalare are the meastires 
Of angle, area, iaass,^ai^ temperature. You will, find it helpftO^ to con^jare 
these with the examples Ijf- vectors given earlier, .' . f 

t 

DEFUflTICSTS. Afiy origin corresponds to an object called the 

\ ' ' ^ . ' w I 

zero vector and is denoted by 0 . * . ■ 

vector of unit length is called a unit vector. No.te that 
is the uxiit vector along "a . 

Rote, also that th^zero vector hli? zero magnitude ^ut no particular direction. 
A unit vector exists in every direction. . 
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. Exercises 3*^2 > 

Draw a vecstgr ttvm (3>2) as 'defined in this chapt;er and indicate ita 
simplest representative. 

For the figures "below indicate the se-te of equivalent directed line • 
segments* ^ . ^ ' 



B .D 

i 



H 



E 



K 



M 



N 



I 



0 - 





B 



J 



R T .U 

. ■ ■ V . ■ . • 

Given the v^'rtices A , B , C , and, D of a ^aralleloaram. List air the 

directed line segments determlaed by ordered pair^ of these pointB, ^ , 

Which belong to the same vector? _ 

Figure ABC5JEF. is a regular hexagon. 
In the diagram^ find: three replace-. 

mfents, for "x and jT to make each 
of these statements true: 

(a) r=y . 

Show the simplest "^ippresentatives of four different uni>t vectors on a 

.plane With a rectangular coordinate System, Do the same on a plane with 

a polar coordinate system. ^ 3 

* * , 

List five get?metric or phys3»cal concepts not listed in this section^ 
idilch can be represented by vectors. 
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3^3, Sum and Difference of Vectors , Ssalar Multiplication ^ 

To get anything of either matheaatical interest ot physical usefulness, 
it la necessary to infrodui^ operations on vector^. Since forces ai*e con- 
/ Veniently represented by vectors, we may consider the problem of replacing 
'two forces acting at a point bjr^ ^single force called \he resultant . A Dutch 
scientist, Simm^Stevln (l5l4'8<J-620) experimented with this problem and dis-' 
coveY«d that the r^sultcuit force cpuld be represented by fhe diagonal of a 
X>arall6lograln whose sides represented the original forces.' 



J* 




/ 



Figure 3-2 



Thus a defiirftion of i?ector addition is made which is. consifl^eni with 

observations of the physical' world. ^ - 

' " • • ■ 

Before jfresenting such a definition, there is an in^jortant Aistinctipn 

to make between the use of origin-vectors and other vectors. .You laust be 

• * < . . • 

aware of this distinction. 

* , ' *" 

We Jtiave already agreed ifi- the statement of the '^Origin Principle" that ' 

• vectors may be re^a'ted to any point in space as ah origin. One :reason»for' 
stating this principle's that it more convenient to deal with origin- % . 

vectors when we seek a geometric interpretation. » 

. We are about to define operations ^ith vectors and.prove several' theorertls. 
In order that the ue^ of origin-vectors will not limit the application of the ^ 
results we, state the following prindiple: 



^IGIN-VECK)R PRINCIPLE . The sum and difference of vectors and 
the product of a vector a scalar is equivalent to the sum, 
dlffeiience, and scalaur product of their respective origin vectors. 



-1^ 



Ther^ is one more" signifidgn statement to make In this regard. All 
proofs using origin-vectors depend-in part upon the fact that all such vector* 
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^have a conmion initial point. The extension of such proofs to vectors in 
general can readily he made by cdaoosing for any vectors those representatives 
.vhic][i have a comnBon initial point. * 

In other words, the ^Lgehraifc relationships between vectors will hold in 
general, but the geometric interpretation must be limited to tbe geometric 
condition^ assiimed in the development. N . 

DKb'lHlTlCft? . 

(1) Let P and Q be two non-aero vectors not lying in 
the safee line and with a comason Initial point 0 . 
We define the vector sum of P and Q , designated 
by • P + Q , to be the unique vector with initial 
point 0 and whose terminal point is the%vertex '< 
opposite 0 in the parallelogram formed with P 

' - and Q as sides. 

. * * ■ ■ 

( 2) If and have the same direction, P + Q » is ^ . 
the vector yith the same direction, and with^^Knitude^i 
equal to the sum' of the magnitudes of P* and ift . »j 

^If T and have opposite directions, P + Q is 
the vector with the same direction as ^he vector of 
larger magnitude, and with magnitude equal to the 
absolute value of the difference of the two magnitudes. 

(3) For any vector P,P+^s=0+T = ?, where 
denotes the zero Vector. 



0 




Figure 3-3 
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In arithmetic onfe.usuaULir conBidexs multiplication as repeated addition 
of the same number. Yor examjile,. 3X2=2 + 2 + 2. 'An a^piogous dfefi^i- 
tlon is made for the multiplic^t^ion of a vector by la scalar, j !Hius 
3A = J + + S • , 'Rie \ecoild»p4rt of the 'above definition olsb tells us that 
A + S + X. is a vector parallel to A with the same senfee of direction, and ^ 
a magnitude thrae^imes as IfiurgeL Genei^izing this idea, one can state the • 
following definition: \ 



filBPINITION. Let *r be a-ree^ number and P any vector. 

» " ^ — . ' \^ ■ * 

'Shen rP is defined by \ * . - 

(1) If r > 0 , then rP is %he vector vl^ saiae direction 
as P and magni^bdle r l^imes the m^nitude of P , 

If r < 0 , then* rP is. the v^ctpr vith direction - • 
opposite to. V and magnitude |r| ^times the , 
magnitude of P . " . * 

(3) If r = p , then r P - 0 . 

ikj If r = 1 , t^n rP = ? . 



Vlhen r = -1 J rP = ( -1 )P euii |^e denote this veator by the symbol -P 
-P has the opposite i 
magnirttide as §hown i^ Figure j-^. 



!iSie vector -P has the opposite sense of direction of P but h^s the same 




Figure 3-^^ 

In accordance with dur earlier definitions, vg* note that if r ^ 0 , rP 

« 

is always parallel to P , * ^ • - - ^ " 

It is now posGible bo define one kind of division of two vectors. 



98 



DStt-mi'1'lQS . - = k , a' sc^iair. If and only if A .« kB j thaf is, • 
If A and b' are paralXel,, \ 



Ve nov can also make tbe follovlng aeflniticsi: 



DEFINITI^ . A - B meane A + (vB) . Bie qixaSitlty A - B ^ 
is called the ^difference the two vectors A' and '1b . % 

Thus, in order to find the difference^ df two.vectqrs, % aiad B , merely 
need toTadd the negative of 'the secSnd to the first "as showia in Figure ^-5- ' 

a-b • • 




Figiire i3^-5 



Figure 3-5 also shows that if A - B = . , thfen A ^ B ? 



x 



Nov that we have.nade the above definitfons we are*in a position to 
illustrate the distinction between the use of origin-vectors and other' vectors 
referred tq on p. 98* For example/ the sum of vectors er,.^and^ T .in figure 
3-6 is equivalent to the sum of their respective origin -vectors A and B . ^ 
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Pigiure 13-6 



It Is not even cxecess^^ that vectors a , £md b ha^ib the sazm^ Initial 
point. QSer Figure 3-7) 





P:A+B: a^-b 



^ < Figure 3-7 ' ^' 

An iiiQ)Oi;|Kant application of the^ abo^ principle is shown in Figure 3-8 
vhe^ the sum cjf^ a and S can be found by considering the equivalent of b * 
Vith its initial point coincident vith the terminal 'point of a . This method 
ca!h be Spiled to three or more vfectors. 

r . ,■ ■ . 
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In applying vector metiiods, phyfticlste ahd othei' scientists oftjen cc«islder ^ 
that they "move around a diagram", and. then equate the corresponding vector 
sums. We could "move" fvcm A / to D directly^ or frm' A through B and 
C to 0 • If the vecto| frcM A' to D called K , then d^a+T + c,' 
•Llkevlse, one can g6 frcA A to C Via tvp routes with the result that 



, Exercises 3-3 

!• Using the figiu:eias given, 

suppJy -Uhe? inissing vector ' . ^ 
Expressions. * • ^ . 



(a) A + B =^ ? 

(b) ^- A = ? 



(c) 
fd) 
(e) t' ? 



rC kfind r)' 




I Quadrilaterals CNCDA , OBCA , 
and are parallelograms. 
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In the figure. 



C f and • 



D arfe ver^l^(%# oS a parallelogram ^ ^ 
and deten^lne^ the ^^Wct9ra^ Indicated. ^ 



(a) Expr^e^ ^ , S / %nd * ^* in 
term| of "a^ a^d yt"* alone,^ 

(b) £xprei$& in.' term^ of 

(ii) ir abd Sr 
(ili) t arid h^ 
(iv) "c and d 



(c) (i) What is the sim of , e , and *c ? 
<il)# What is the sua of a' , "t" , "S" , and- 

Dra^l on paper the vectors ^ , ^ 



ykd as shewn in the figure, 
Oonstrubt the^vectors: ' 

(a) b + c . 5 

(b) S - c ^ , . - ^ t 
{c) T - % 

(a) "a + b + "c ' ■ » 

By a drawing, show that "a 4- h c , then h 
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0 , B , and X are collinear points. 
- ' "x = r b' 

df ^ • 



Find r 



(a) 


. X 


is 


the midpoint OB 




B 


is 


the midpoint of "fflC 


(c) 


0 


ie 


the midpoint atf^ 


(d) 


'X • 


is 


*of the way from 


1 

(e) 


B 


is 


■ 2 

^ of the 'Bray from 
i > ' 


(f) 


0 


is 


^ of the way firom 


If 


a = 




^d - d , prove 


If 






3' , what is • |iiAj ? 


Prove 4 


if 


f and if r 



^ ■ 



.5T1 ?' -b^i 



'hen" 
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3-3 



, '9»' If T-^s a non-zero vector, .And- if - vti^t ca 

. _ •* • . > * A , 



•V 



i 



' I0« -&e' figure is a*vecto2i diagram* - 
bas^d on^a fegiilar hexagon/ ' - 

(a]( Write \6 vector equations 
'4 . jrfbicn shpuld 'oc<;ur to anyone ' 

id the class* • ' - 

. 4 •(fe') ' iJrlte' . 6 more Ktii^'h sre n'otr 

' . . . ' ^ -obvious but "vdjicji: you .qgi^ld - 



can you about 




1- 



11^ By uelngt^^Fac^ors, indlqate ,5 Afferent pathe in plaheu by which^qne 
could, move frc^ P =^ (li2) to ft ^'(^+,6) . * — ' ^ ^ - 

12^ (a) If'^ 1^1 = 1^ , does*^ t = t ? ^ • ' , . ^ ' 

• (b) If a - = Q , does a = b ? . 

13. Prove ("eT + b"! < |a| + fb] ' ' ' ' 

^ ' . - • ^ ' . 

lU. Letting 1 inch represent 2 milee"^ find grap^aiCally the resultant 

motion if a car travels miles north* and then 5 miles soqthe^at^ 

assuming 'the car- travels in a plane, ^ ^ - „ *' . 

15* ^ Using the idea of resultant vectors and a scale' of 1 inch- to 

represent 2' miles per hbur, solve the folloving p^J^lem graphically, 

A river 4ias,a 3 mile jer hour *^current . A motoi^ boat moves directly^ 

across the river (perpendicular to the, current ) at 5^ .mifles per hour/"^ 

Show fast and in ^at direction would the boat be traveling if there vere 

no clirrent and the same power and heading were used in crossing. the 

# 

river? i ' , , . • ^ * ' i 

16. Make a veaiov drawing with a scale of 1 inch to, represent 10 pounds 
to solve the following problem** , J 

A body is acted on by two forces, A and B , v^ich make an angle 'Of 
70^ i with each other* The magnitude of A is 20 pounds and that of . 
B is 30 pounds. What is the magnitude and Erection, of thfe 
resultant force? ■ . * 
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7.-'£4idir that if ^ and B d3*«,dlstia9t vector?'^ then 4* (-I)B = Ar''S \ 
, lies .on a O^he parallel to the lipe tlvwJiigtf-^. terminal i^HD^^xts of % • 
\and B and- similarly for B - ^ • - . • # 

16. a" , "^'j ^ , and* d are consecutive vectoHf sides of a qiiadHlateral^ 

» mat ^ ^ * 

* » Prove that the .figure is a parailelograja if ^d only if b + d = . 

,19. Prove that the sum of ttie six. vectors .dirasra'frcsn,* the centej^ij^f a regular 
hfexagcm to *its itertisjes is'thizero vector, ^, ' ^ 

. 20, J^f w^tr.ace ttie perimeter x>f a ijKylygbn'^ABCD •v. PA , afnd assign a vector 
.a., h^c^d^./^p Qort:^spondipg to each ^ide w6 taraverse it, 
show that 'the vectcfr ^xm a'+*^b + c.+ d'+ + ipj^.O * (it is' this Sea 
that phyBicl8tB'"have in^mind i^en lAey say^ '^^lie vector sum around a'^, 
closed <2ircuit is zero. * ; ^ . 

Properties • of Vector Operations •'^ , . ... . * » 

We now\ derive s'ever%L ingjprtaht algebraip. propertl'efe of» the operation of 




vector addition. \ 



THECSIEM 3-1. (Oramnutative Property) 



This fallows from the definition bf vector ^am 



with the help of Figure 



3-3- 





y 

o 








• 


. ..■ : t. 


> 

* * 


Figure 3-3 




* 

I. 










* 6 



: [ 

TSpaaaSM (AssoclatlW Property) 




P^t- — .- 



Figure 3-9 * 

J Figure 3-9 suggests a proof using the various parallelogramB which . 
apx>ear. A much nicer proof will be given later, ' 

THEOREM 3-3 > (Additive Inverses) ^ , ' « - 

For any vector T , the equation • ^ 

^ . „. t+T=T^ ^ . ' 

is satisfied by Ir = (-l)A = -t . 

ThiB foUowB itoediately frc^ the definition of addition of Vectprs and 
of (-l)A 

Next we prove a theorem concerned with multiplying vectors by real 
numbers. , ' ^ 

THEOfi^ 3--^ * (Associative Property) 

. (rs)?" = r(s?) / . . 

"... 

Ihis follows immediately jfrcsn * trie definition of each member of the 
equation. 
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2. 



Exercises 3-'^ . . 

' . . - • • f 

By using the definition of subtractidn, and the ccaoBiutative and a^socia- 

, ■ .• . ' . , ' 

tive j>roperties, show that *• * 

(a) y ' ' " 

(b) it ^ t) + f - ^-r - > 

pTfiCtf on paper the "figure showing-. 
t and ^ , Leca^te Joint X 
eyj^ih' that = pJ + qlf , . 

(a*) if P = 1 and q = 2^^/- 

(b) If- p = I and q = -^'^ ' \ . 

(*c) If p = 0 and q :« ^ , * 

(d) ' if p = I and q - ^ , 

(e) if p = jj; and q = jj: . 



3. 



h, 

5. 
'6. 




Can you make a conjecture about the values for. p and' q for \diich X 
'is on 25 ? . * . f 

(a) Shov by a vector drawing that the subtraction of vectors, e.g,, 
A - B , is not cDmnaitatlve. 

(b) Is, there a relation between the two differences, i.e., does 
A - B = ri^B- A) ? > ' • 

t 

Prove Theorem J-2» 

Show that + tS) = ' ^ . f ' 

i 

Show that (-r)? r(-f) . 



3-5. Oiaracteriza^ion of the Points on a Line. H • 
— — J ^ . 

The .term "linear combination" was first mentioned in^ (3iai)ter 2 in connec- 
Uon with findine a point of division of a line segment. Now that we know how 
^to add and subtract vectors and ^ho^ to multiply a vector by a scalar, we can 

i' * 

'combine these operations to create other vectors, such as 
• and (1 - x)jir + To formalize this idea, we state the following- 

definition: , ' . 

112 



'io6 



DEFINrnOR. It / fig ' vectors and x^^ ' ^2 * 



are n scai^rs,' the vector + ^2^2 •' • ^n*^' '"'^^ 

said to be a-^ linear* cGmbinatlon of .,!fi|^ * ^2 ^-"^^ * 

In order ^ uae^ vectors to proye theorems in gecn^try ve need 'eeveral » 

* • 

basic theo^i-ems, !Rie first one is concerned with expressing any vector in the 
plane as a' linear combination of other vectors in the san^ plane, 

THEQI^ 3-£. ^ If a and b are copianar and non-parallel, th«i any third 
vector c , which lies in. the plane determined by** a and D, , can be 
expressed as a unique linear ecanbiiiation of a! a^id » 

. . : ■■ ,, - . " ■ • ■ ' . . 

. Given: Ooplanar and non-parallel' vectors ^ and , and c-Xying ,\ 
» • , — ' " ' ^ _ .IS." 

in their plane. • , * * - .^1' 

Prove; c = xa yo whei^ x Bind y are scalers* 





Tip;ure 3-10 

Inasmuch as vectors a* ^ , ^nd c can be represented by their respec- 
tive origin-vectors if , 1^ , and ? with tenftinal points A , B , ani* C as* 
" sh<9wn in Figui^^ 3-10, we need only prove that ? = y^ . In this diagram 

we have chosen x and y positive although this restriction is not needed. 

' - (l) -Draw a line through C parallel to the line containing l^t D be^ 

thevpoint of intersection of this line with the line containing 
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(2) Since iJ paraXlel to t , it is sqp scalar iiiultisJle of ^ . 
TbMB, for «ecsn9 unique x ^ 

(3) 'Similarly, the vector ^ , along th^ line ccaitaining 4s a scalar* . 

liultiple of y • Thug ^ sqne unique y , ^ =^ yS m 

TSen 5* = t5 + = xA +'7^ vhich shows is a unique •linear/ccmbinaftion 
' of T and ^ • . We have the equi^vjlent^^tatement : • * 

^ is a linear ccjmbination of rcT and ^ • ' ^* 

We note that if is p^orallel ta •'^ or , thAa , is a scalar multiple 
of either ^ or alone. ' , - * • • 

I ■ ■. ■ V f ■ ■ , ■• . ■• ' , 

TSSOBESj 3-6. (Distributive ^.Properties). * . . , . . 

* ^^^^^ t » ^ 

1. Tif ^t) - rf ♦ . / * V' I \ • . 

•2'. (r + B)f = r? + s? < ' ' ' ' . / 




Figure 3-11 



Proof of Part It r(P + ^) ^ r? -f^"^ . 
In this proof, we assume* ? and i)n, distinct lines vitiC r > 0 . 

(1)^ In Figure 3-11, t - r$ , 1^ = r? . ^ 

♦ ^ Therefore: |?[ r\^\ , |^ = rfp| , 
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(3) |f I - d(0,B) - d(A,D) , ' ' . n 

' iti = d(o,A) , • ' ♦ ; V . ' 

'(tL = d(0,P) = d(Q,C) , ' ' 

J«|.= d(o,Q) V • • ' ; ' . . \ V ■ 

, ' ■ T * * ' . * . ' • ■ 

(U) OcaaDlning steps (2) and (3)- 'v4have = , ejnd ther^Jorf 

. ■ , p " - . ■ ■ ' 

(5) .<4(0,D/Vr^(0,c| ' • ; ■ / 

{^f SJ.nce the veetpijp are in the same direction^ lire have "J = , ' 

(7) l5- = t + t or ' • ■ .' j ' 

rUf = r5 + rf , and since ^ J = ? + 3^ , .. > • • 

Let us consideV the special eases where the non- aero vectors ' f and "5 
are collinear. Biey are then parallel and have either the sbtc or opfKjsite 
senses . • - . 

If they have the saa^e sense of direction, then 

\^lj^ By definition, "P + ^ has the same sense of'^^refetion as^ ? and ^ , 
^d has 'magnitude |^| + l^^l , * 

(2) If r>^0, then '+ 5) also has the ^aroe sense of dl2rectriop as ^ 
f ,^ , and , and has magnitude^ r{ |?| + f5| ) = T\f \ ^t- r|$| by 
definiti&n.and the distributive lav. 



(3) In the same way, since r > 0 , r^ + has the same sense of direction 
I >^^^^ , , ^ , and , and has magnitude \rf\ + Jr^| v= r|pj + rfftl 

(k) Since the yectors r(? -f and r^P + have the same magnitude and 
the s&me sense of direction, \hey are eququL^ as was to be shcfwn, 

> The case in which and^"5 ha^ opposite direction is treated in a 
• «•■. ' .■ 

Bimiiar fashion and the proof, is left for class discussion. 



Bie proof of the ^ases Trtiere r <_0 is also left for class^dlsausslon. 
Hie probf of the second part of the distributive lawf'^(r + Blf?'=TrP + s? is 
left aban exercise. I 
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WeorEM ^r7 > If and "f .are dietlnct vectors not lying in the 
same linej^^ the*n .the Vector +-qS tehnllfat^ 
« line determined by the. terminal points of ^ and ^ 1^ and. 
^ only "if p + q = 1 , . . ' ♦ - 



v. 



Figure 3-1^ < 



Proof 5 



(l) C is^collinear with A arid B if and only. If C^ A or 55 || 

, (2) AC II OT if and only Ijf there exists a q ^ 0 such that 

^ ' _ - _ ? « t - q(^ - t) • ' 

or • 'C = -P qB - ^ ^ , 

or ? = q^B + (1 - q)^ \ 

or ' « ? p3t + q§ where p + q - 1 . 

We note that if q = 0 , then ^ = if . ' / ' 

The statement 7f = q"^ + (1 - q)^ is a vector form of an equation of the 
line through A |lnd B • * ' ' . ' ' ' 

, *Each particular choice of' p (and consequently of q) referred to in the 
Kieorem 3-7 determines a vector to a point on the line !Sb an Figure j-12, 
We can therefpre describe subsets of the line by placinA conditions on the 

scsLlars p and q 

The line 1^ = (X : "? =^ p3t + q^ where, p + q = 1} 

The segment' AB = {X : iT = pIT + q^ where p + q = 1 , and p > 0 , q > 0} 
The ray 7^ = {X : if ^ + ql^ where p + q - 1 and q 5 0) 
The ray If = [X : X =^A + qB where p + q - 1 and p > 0) 



The 1^ opposite t& = (x : X ^ + q$ 'vrfiere * p + q = 1 and q < O) ^ | 
Bie Interior of ^ JX j it «*^£ff + q1? where #p + q ^ 1 and p > 0 ^ q > 0}' 

Ilirtheim>r8 A f . * . ? 

' ■ . V • ' ' ' 

(l) if m + qS" \«here p+,q^l,p>0 'aifii q > 0 , then is 
aia^ interior point uP , . ^ ^ 

< (ii) if S = pS + qS^^ere p q = 1 and either p or is zero, 
th«i X is an endpoint of , and , I ' 

(iii) if X ^ pX + qjg where p + q = 1 and eithe/ p < 0 or q <.0' j 
then- X is a point of the line exterior to iffi . v ' V , - 

We observe that in the vector representation* pX -^"(1 - p)S the scalar ' 
is also a coordlnatq in one of the coordinate sy^ems' for the liijie. When 
p = 0% ve obtain % ; idxen p = 1 ^ we obtain % . Eie value of p vhich 
determines A vector S^in^this vec*or representation of the line* P$ is also 
the coordinate of the point X in the coordinate systm for the line with 
.ori'^in^ B and unii-point* A ^. . 

THEORM 3-8^ \f P* ^ divides AB in the ratrf.o n:i^ , theii 




to points A , 'B , P respectively. 



r 




'.(1) Referring to. Figure 3-13, J' '1 " ^1 = (given). 

* {2) 2—^ — = ^ (the vectors lie on the same line). . 
b - p 



3-5 



C3) m(p^- a) = n(t - p.) • 

' ' ' ^ ' «»■ ^ ^ 
(If) xap - ma « nb - t®.. 



I 



(7) .In terms of origin- vectors, we may then write: 



+ nff 

. m n 

'Hote: If P the midpoiat,^ th'en^ f = . 
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Bcerclses * • 

1. Given vectors t , , ^ ^ their termina]^ points ^ A , B , and C 

'on a straight line^ so that ^spj+q^^p-fqssl. ^ . 
^^^^ • ' " * » 

(a)' What hapi«ns if IP or "ff is the zero vector? ' ' ' } 

0^f-v«hat are ' p and if = ? , * • 

( q) (i^at can we say about- 1? If . . * 

(i) p > 0 an^ q > 0 ? 
(ii) p <b t 
(lii) p = 0 t 



(d) Ctonstruct figures to illustrate the cases: , 

(i) p = <i = i . 

(ii) P =1 . ^ =J 

Ciii) p = -'^ , q = I * 

3 1 * - 

(iv) p - , q = - . ^ . 

2. (a) If the ratio of the division of a line segment is given ^ 
n:m = 2:3 f find n and m so that n + m = 1 • 

(h) Seme as part (a) for m:n = 5r-3 

3* ffake a rector drawing to illustrate Theorem 3-5 when » 

(a) X = 2 , y = 3 

Prove Theorem 3-6, Part Xl^S 
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- ^ 

We have used Extensively the eoSrrespondence hetneen points in^t^e plarc 
and vectors. It Is fruitful .to describe this corres;i^ndenc^ in another way 
using the- rectemgular Coordinates 6f a point, Tip ^ch erdered pair of real 
numbers (a,b) , there corresponds" a tdiiciue vector emanating from 0 and 
terminating in that point and thus've nake^the followiiig definition. ^ 

Ds^itHTKaj . ' The syntool ta,b] denotes 'the origin* vector to 
^ poinFt (a,b^ , The nuntbA: a- is called the x-cca^>onent of 
the vector and the nuSiber b , the y- cocgK^nent of the Vtect6r, 

• ^ w 

Wfe now describe the operation^ imvolvlng vectors "^tn terms of con^jonents . 

m^BEM 3-9 . If 3?= [a,bj and [c,d} , * ^ • 

X + T= [a + c-, b -i-'d] . '■ 




Figure 3-14 
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Proof. The parallelogram in Figure 3-1* is constructtfed Itcc^arding to • 
the de/¥iiiition of addition of vectors* * 

Since dOm - ^«RP , d(0,M^^ d(X^R) - d(S,K>= c and d(lil,ir/i- d(R,P) = d. 
The vertex P opposite 0' is the point + c + d) . €Uid this vertex is . 
the terminal point -or X + Y • If the vectors have the sahie or vqjjposite direc* 
tidns, the i^oof follows lumiediately frc® the definition o:f vectiop adkition* 
If - T' is the zero vector ' [0,0] , then « / |. 

•ta,b] -Jj (OiO^l =^ X + r = X/^ [a,b] = {a + 0 , hV O] ^: 



THEOREM 3-lQ > *If - [a^b*] and r is a real number then*, r^ = [ra,rb] 

^\ 

"Bie proof is left as an exercise ♦ # 

THEOREM We prove, using ccjnponents, a theorem learned earli,er; Tvo 

non-zero Vectors it and ^ lie in the same line through the origin, 
if and only if ^ - rf for some real number r • 

f 

Proof , If - [a,b] and tra^rb] , then f and' f lie in the 

line ay ^ bx* . Conversely, if f t= [a,b] and if if. lies in 'the line vhlch 
contains Y , then the components o3' ^ iuust satisfy tHe equation* ay := bx • 
Hence T = [ra,rb] for soane real number r / 

The vector [1,0] is indicated by the letter i and [0,l] by J . /Jtie 
i and J vectors could be written as "i and _ t but, in accordance vith 
CQinmon usage, we shall us? the simpler notation, l^iey represent the unit 
vectors along the horizontal and vertical axes respectively. 

If A (a^,a^) , the origift^ vector A may be written as follows: 
A - [a^,a.J - [aj_,0] + [0,apl = a^TljO] + ag[Q,l] - a^^i + a,,J . 

V 

Note that and are tlie congDonents of. A ; a^i and a^J are called 

the component vectors of A . We observe in Figure 3-15 that any origin- vector 
can be written uniquely as the" sum of its component vectors. Ihe magnitude of 



A is 4- 



I2n 



^ Ilk 
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^ t 




f 



. . Figure 3-15 ^ r . , , . 

3he use of ci^onents le^|^ to^a s^Jraple arithmetic of vector&, as vl'll be 
seen in the following secti^^s. • . . ' 

Exang>le 1. Given t [2,3] and- 7"=^ (;-X,5] , ^ ' I - ' 

Find^ 2=J1|.,.2] in tei^.of "IT and 7. . 

' We must find scalar s r and s s^cM^that f=ir[2,3] + s[-l,5]'. Hence 
."v/ [U,-2] = r2r,3r] + [-b,5s] = t2T s , 3r + Js'l ' ^ * 



Since 



|he Q 



on^jonents of a given orlgin-vectqj; are 'unique, we haver 

3r + 5e = -2 % ^ 
We find tii^fr r ^, s = ^ J hence z = ^[2,3] - ^[-1,5] • 

We can form vector descriptions of lines and their subsets using coti- 
ppnents* " ^ 



Sample 2. Find t^e vector representation, in terms of a single parameter, 
for where A = [3,Uj and B= [-2,3] . ^ ^ 

Solution . Let 1^ be the" origin- vector^^Tany point P ^on "SS^.' 

(1) f=rX"+(l-r)^ (Theorem 3-7) 

' = r[3,lf3 + (1 - r)[-2,3] 

= [3T^r] + r-2 + |r , 3 - 3r] 

^ (2) -niuB AB = {P:P" = [-2**+ 5r , 3 + r]} 
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Exan^le 3. Plixd^. using ec^onents^ a vector representation of SB where 
A «.<3>; and - {^^si . ' . , ' ^ ; 

.^^ ^SolutloD . A 13,^] and ^ ^ = C>2,33 . in Exan^jle 2, any point P can 
^ cbn be represented by , ' , ' . ' ^ • » 

X However Ire must place a restrictlcm on 'r .do that T will lid, ^nly- on 7S . 

- . • ■ ^ ^ " .. 

* , This Qonditlon vi'U be met if 0 < r < 1 since . P'= A^' '^en' r,= 1 and P> B . 
^en r 0 • . ^. * * . - . , 

The cdtoplete solution is*; ' • • ^ * • . » "'^ i ' ' . . 

/ z;:^^ |p:p - ^2.^-^ Q< *<H s ' 

- Example Find, using o8^)Onents, a Vector representation of M 'ritiere \ 
A - t3,^V and B ^ (^2,3) . - ' . • , ' 

Solution , This prohlear differs fr^ Exa^le 3 in only one respect. We 
must now place a restriction on r so that will lie only on £A . Biis * 
• condition will be met if r > 0 since P ^ B when r = 0 and P lies on 
the ray emanating frcto B and containing A ^en r > 0 TSie 'con?>lete solu- 
' ' tion is: • ^ * • 

AB = |P:P "^^^^^ I 3 + r] , r > of . ^< . 

* Example 5, Find the vector representation of the trisectlon points of 
TS, where t = [3,^1 and B = ,.[-2,3] . 

Solution , Referring to Theorem 3-8,Jice have # 

• . ' 7 *m + n ■ , ■ 

\ ■ * ' ' ' • I 

where P divides the segment in the ratio < n:m • ^ ^ t 

s 'Riere are two, points of tris^tion/ one where mm = 1:2 ; the other where 

n:m = 2:1 . We shall do the first part. ^ 
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• , Nteerclses 3-6 

Find the coo^nents of . # 

(a) t3,2l + [4,11 . , ■ ■ ■ 

' (fc [3,-21 . 

'(c) M5,61 ; . . , 

(d) -M5,6] . ■ '■ 

(e) -1[5,6].. ,;. - . 

(f) - [5,6] . • ' , i . 

(g) 3[^,1] + 2[-l,3], . 

' , > ... ^ • • . y 

. If t= 1*3,-5] , B= [-1,6]', C = [2,3] , find the conqjonents of 

(a) ,^+3ff-r. • ^ (d) 5(t. Tf)^ 3(Tf- 3f). 

(b) 7f-2^+3?r. ^ '(e) 3(S+$^?) + 2(3f--S+*^). 

(c) P.iX + 'S) - 3(f -t), , (f)* 5(^-"?f+f)- 3(t+t - ??)'. *' 

What^ is the x conpbnent Of i ? of 3 ? 

Find the laagnltude of the following vectors* ^ * » \ ' 

(a) 1 + J . 

(b) 31 - i^J . ' . 

"(c) al + bj . ' . . • . 

(d) (cos 0)1 + (sin @)j . ' ' " 

Vector 1^ is drawn frcm A = (^,2) to B = (5,-1) * Wr^te its origin- 
vector !^ in terms of i and J . ' 

Sxpt^ss the zero vector u in terns of two distinct non-collinear vectcits 
if and lying in the sanie plane. 

In terms of 1 and J , describe the vector ^presented by the arrow 
extending from 0 to the midpoint of the segment joining (2,5) and* 
r5,8) . ^ ' ' - 

In tei2BS of 1 -and J , describe- , - — 

^. * « 

o ' * 

(a,) the unit vector makirig an angl^ of 30 with the x^cLxis. 

(b) the unit vector making an angle of -30^ with the x-axls. 

(c) the unit vector having the same dire^ion as ti - ^ . 



/ 



IF 



3-6 • - ' - , . 

9. Find X and y so that 

/ 

(a) xT3-,-l] + yCi*!-'] - f5',6] . ' ; •. 
^) x[3,23 + yC2^3] = [1,2] . ' • 

(c) x[3,2] + yU2,3i = [5,6] . . • 

(d) x[3,2] + y[6,4]^ = C-3,-2l ^infinitely many solutioife. Why?) 

* » ■ ■ , 

I 

10. Represent an arbitrary vector [a,b] as a linear combination of ^ ■ 

. ^ (a) [1,0] and [0,1]'. - 

(b) [l.,l] and [-l,ll.- 

' • • * 

(c) [-1,-1] and '[-1,0]. * • V 

V2 /2 

11. Ehysidal forces possess both iaagnltude and direction and therefore may be 
represented by vectors. In physics problems it is ofte^ convenient to 
use x-coi^nents and y-con^nent^ to represent the horizont^ and 
vertical components of a force. • , 

Suppose a sled is being pulled, along level ground by a cord making an ^ 
angle of 30° with the ground . The tension (magnitude o£ the, pulUng 
^.fojTce) in the cord is 50. pounds. What is the con?»nent of the force 
parallel t^ the ground, and what is the component of the force peipen- 

'dicular to the ground? : ^ 

' h ^\ ' 

(Hint: With the force vector emanating ^0 

from the origin, the horilontal vector ^ 
will be [T COB 30°, 0] and the 
vertical vector will be [0, T sin 30°1 •) 

~x 

t I 

12. Two forces act simultaneously at the same point. Ifee first has a 
magnitude of 20 pounds, and direction 37° above the horizontal and 
toward the right. The other *force has a magnitude of 30 ^o^nd8 and 
direction 30° below the -horizontal and tov^rd the right. Find the , 
vector which represents the resultant of these -two -forces. 

13. Refer to the forces bf Exercise 12. 

(a) At what angle must the second force act if the -resultant acts 
horizontally toward' tie right? ' » 

.(b) At T^at angle must the second force act if the resiiltant acts 
vertically? • # 

I 
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14. Suppose three forces act siraultaneously at the 'oame point. • (It ceiii be- 

seen from the ccanmutative and associative properties ^^addition for ^ 
vector^ that there is hut one resultant for all three, no matter which 
.tvo are taken first.) Find the resultant of these three forces: 20 
pounds ^acting due vest, 30 pounds *ac* ting northwest, and \q pounds 
acting due south. - \ ^ ^ » " 

15- If two forces have the same magnitude but act in opiX)site directions, 
they are said to be in. equilibrium and each is called the equilibrant 
of the other* 

(a) Find the magnitude and direction of the equilibrant of the ; 
Resultant ot two forces, one pulling due noAh vith a magnitude 
of 20 pounds and the other pulling southeast vith a magnitude 
of 30. pounds. , . . 

(b) If a third force of 10' pounds acting due' east is, added, find the 
force vhich will provide equilibrium for the whole system. 

16.^ A picture weighing <ten pounds is suspended evenly by. a wire going over 
a "hook on the wall. If the two ends of the wire make an'angle 6f lhQ° 
at the hook, find the tension in the wire. (See Exercise 11 for the use 



17. 

18. 

19.., 



of "tension",) 

Prove Theoi^ems 3-l> 3-2, and 3-6 using component^. 



Prove Theorem 3-10. 



Find vector representations , in terms of a single parameter for the sets 
described below: -m 



(a 
(b 
(c 
(d 
(e 
(f 
(g 
(h 

(1 
(J 

(I 
(m 
(n 



where 
where 
where 
where 
^ wh^re 
Sb where 
2© where 
where 
where 
AB where 
bS where 
where 



A 
t 
t 
t 
t 
t 

t 

i 
t 
t 



2,3] and B = [-i|,5] 
1,3] and r= [3',9] 
k,.l] and B = [It, 2] 
2] and ^ [3] 
-3,2] and t = [i;-P] 
1] and t = fpf ' 
3,h] and t - [-2^3] 
1,-2] and [-3,2] 



?] and § = [1] 

3,h] and t - f-2,3] I 
3,k] and ^ f-2,3]. 
1] and - [2] 
The ray opposite to At wtiere t - [3,h] ami "^-'[-2,3] 
IJie interior of segment 2iB where T= [-3*?] and fl,- 
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20. Find the vector representations of the aidpoints and trisectlon points tof 
the following line segnents : . 

' (a) TSS where A « tO.O] and B = [6,12] \ ■ 

(b) 2b where A = [-3j2] and B = .{10,^11] 

(c) M vhere A = fa^f^agl ftnd B = [bj^,bgf 

21. Find the vector representations of the points which divide the directed 

segment (P,Q) In the ratio ^ idiere: 
* - 

(a); P = [U,6] , Q = [-1,11] , and I = I / ; 

(h) P = [U] , Q = [11] , anV I = I' . - , 7 

1(c) P = [-3,-2] , Q = ft,2], and | = 1 ' 

' * \ 1 . 

• (dX P ='[-!,'+] , Q= [9,-5lra"d 1^5 

(e) P = C|,f] , Q = i^, Tj], I = - ^ 

(f> P = [1^] , Q ='[11] , and I = I 



< 
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3*7* Inner * t^roduct * 

Otir algebra of vectors does not yet include nailtipll cation of dne vectox"- 
by aether. In order to make a .definition vbicb will have significant 
consequences, we inv^tigate the angle between two vectors • 



JSSETSITLCm . Let X and Y be any two non-zero vectors. 

Then by the angle between X and X we mean the angle 

. ^ ^ "-^ 

whose sides contain X and Y . This angle has a unique 

degree measure between 0^ and l8o^ (inclusive).* 




Figure 3-,l6 

Let e denote the angle between ? and ? . The law of cosii^,, 
applied to triangle OXY , enables us to write 



2 



2\t\ \f\ cos e . 



The term |X||y| cos 9 has significant physical applications .which lead us^to 
a useful vector concept. One such application deals with the work done in 
applying a force through a giveh distance. Since we must consider the direc- 
tion and magnitude of both the force which is applied and the motion which 
takes place, it is custcsnary to represent them by vectors f and , wtere 
6 = Is! is the distance* 
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• Figure 3-17 ^ ' 

In Figure 3I17, an object at 0 is moved a distance s by^a force t . ^ 

This force is applied to the object along a straight line and in the san^ 

direction as that line so th&t all of the force acts in the direction of 

nation* * i 

on the other hand, if the force is applied at an angle 0 , as shown in ^ 

Figure 3-18, only that vector can?)oneht of the force, f" , vhich' produces ^ 

the motion is. effective' ixi, p^rfonninr the work done. 




ft 



Figure 3-l8 

♦ 

■In Figure 3-l8> MO,S) = s = itj bo 

* 

- Work = I? |s = lt|s cos 9 = 11*1 1^1 cos 9 



Then 



DKfe ' iiiil ' l ON . I^t "X and Y be any non^zero vectors, 
the inner products , X -f , of the two vectors is the real 
number 

. . . |"X| |y| cos e 

whjere • ix| IS the magnitude of X , [y|^ Is thejnagnitude 
of Y , and 9 is the angle between. X and Y . If . 
either X or Y is the zero vector, X • Y is defined to 
be zero. ^ 

The inner product X ^ Y is usually read "vector X dot vector Y" and 
is therefore sometimes called the "dot product".' Notice that the inner 
• ' product is an operation that., assigns to each pair of vectors a real number 
rather than a vector. The operation is obviously contoitative. 

O ' • 122 ' ' 
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In vlev of the abovfe definition^ Work = 1^ • . Al$o 4 • = |tf I , 
t 't '^t . ' ' \ \ 



Beagle. Evaluate X.Y If |X |. >(X ! , = 3 '(a) 0=0°, 

(b). e - 1*5'' , (c) 0 - 90° , (a) Q = \ - 



Solution . 

(a) ' 2 • 3 cos 0° = 2. 3 . 1 

(b) * t . Y = 2-3 cos = 2-3 •■ ^ = 2>f 
<c ) X • Y ^ 2 . 3 cos ^° = 2.3 f 0 = 0 

* (d) X. Y = 2 . 3 cos 180° = 2.3- (-1) = *.6 




The inner product has many applications. One of th^e. i6.a':^est for. 
perpendicularity^ ^ ' ' , \ 

TttK)BEM j-lg . If X jan'd Y are non-zero vectors, then they ape |)erpen- 
dlcular If and only If . - 

Proofs According to the definition of Inner product 



X ' Y = |X| • |Y] cos 0 . . . 

This product of real numbers^is zejro if and only if one of its factors is 
zfero. Since iiiid "Y are non-zero vectors, thfe nuinbers |X| and \Y\ are 
n^t zero. Therefore the product is zero if and bnly if cos 0 0 , which is 
the case If and only if X and Y are perpendicular. 

'The following theorem supplies a useful formula 'for the inner product of 
vectors. ^ 'fl^^ 

THEOREM 3-13 > If ^= [x-^.x^] and Y = [y^^y^l , 
then " — V 

X • Y - x^y^ + x^y^ . 
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t^rdof. Firm the lav of cosines and the distance formula ve can now ^ 



write (see Figure 3-l6) 



-2 - ^2)f 1 



Example 1. If [8,-6] and \ f ^ [l,h] show that and ^ 

pei^^ndlcular. 

Solution . If - ^ = 8 ? S + • if = - = 0 . 
Since it' ^Mia Y are aon-^ero vectors. Theorem 3-12 shows that they are 
pei^ndloul^. ^ • . 

Exto|)le 2. Find the angle Ipetween the Vectors 3f = [^,3] and ^ « [-*2,2). 




Figure 5-19 



Solution, 



. COB & = — 



t 






t 












t 




- - 












0 = 98° 



COS 6 



IS 



s -,1^1 ' 



We shall find further application for the fornnila 

1 • t 



COS 0 = 



mm 
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jphe Aa&afe Between Ttfo lAnee . An application of tMs formula -can ie made 
to find the angles formed ty two lines with equations in rectangular fom. . 
Skippose the lines are and with reej^dtive equations 

a^x + bj^y 4- = 0 and a^x + b^y -f 0 . ' ' 




In Chapter 2 ve learned that the respective nonnalsi iJ^ and ha^e 

direction numbejrs (a^,b^) and (a^^b^) , We nay tsflke these as Vector com- 

ponentgt of vectors along K^^ and • From the 'diagram, ^B^ and have 

equal measure since each is the ccmrplement of J hence, we my find 6 , 
the. measure of the angle betveea 1*^^ and , by finding p , the' measure of 

the angle betiineen their normals > Therefore 



cos Q ^' cos ^ =i 



^1^2 ^ 



l^v^2^l JlfT^ ^77^ 



This is the same fomflila ve found in Chapter 2, by another approach. 

ExaxnpW , Find "^he angles formed by the lines with equations , . 
3x -f i+y -h 5 =0 and 5x +' 12y + 9 - 0 . 



Solution, Direction numbers for the normals to these lines are (3^^)^ 



and (5,12) ; therefore. 



cos 



0 r3,^>bAgi 



15 + 48 63 _ 63 



[3,4] 1 1 C5 ,123 1 ,^5^71^ 
cos e - .969 , ana ^ B « \hP ^ 

The angles f ora^d have measure and X66° . 
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Bcyclses 3-7 

f * ■ 

If J. = [1,0] and J = [0,1] , find ^ ' ' 

(a) 1. 5 (e) (i + j)- (i - j) ' ^ " 

(b) j.i ♦ ' (f) (HI +.3J) • (^i - 5J) 
"(c) i-i , (e) (ai + bj) . <ci "+ aj) , 

(d) . J • J 

If A = [3,-51 , B= [-2,i] , C = [4,-3] , find: . ' ' 

(a) A.f * . - (f) (^ + 3C)-<2B -3C) 

(b) - ai: -3^ (g) (3^ + 5^ • (3"S - ^ • 
(g) 3t-(S + ^ ^ " (A.+ B - C) . - A + C) 

(d) " ^ . + 2^ . ' (i) (2A - 3B + 4C) . (5A - 2? + Uf) 

(e) (t + B).(A-B)- ' " (J) A-A + B-B+C-C 

Find the angle between )C and ? if |]C| = 2 , [Yj = 3 and X-Y i 
(a) P . . (e) -4 . 

(c) -2 ' . (g) 6 
(a) 3 . * (1*^ -6 

Given ' ■ 

(a) r = 1^1 - 3J , find |a1^ . ^ 

(b) 121 + 5j , find Ib|^ . . . ■ . 

If X = 31 -H , determine v so that Y Is perpendicular to X , 
— ^ 
if Y Is . . 

(a) wi -f i^J 

(b) vl l^J . _ 
(^) 111 + vj I 

(d) vl - 3J . " . 

(e) ^Ind an orlgin-veGtor in exponent form which is perpendicular to 

X and four times as long, (two answers) " 

Given A = 21 - j and B = 31 + 6j as sides of MOB ; vhat kind of 
a triangle is' MOB ? Find the third side e in terms of A and B 
Find "C*, the origin- vector of , in terms of Its unit vectors. 

Let r - 21 - 3J , H - -21 j • Find 

(a) « the angle between A and B . 

(b) the work done by a" , considered, as a fo^-ce vector, in moving a 
particle frcaa the origin to S = (2,0) along the x-axlB. 

132 



8. A sled is ptijlled a distance of s ft, by a*force of f lbs.> where » 
P represents the force \rtiich makes an angle of 0* with the horisontal. 
Find the vork dJsRe if 

(a) s = 100 ft., f :^10 Ihs*, e = 20^ - ' 

(b) s = 1000 ft., f = 10 lbs., © = 30^ • 

9. In Problem (8), ho^ far can the sled be dragged if t^ ninaber of -avail* 
fi^ble foot pounds of woi* is ICXX) and if 

(a) f = 100 lb*B., e = 20° . . , ' 

' f = 100 lbs., e = *89° . , , 

10. Let A = (cos e)i + (sin e)j and i 

B = (cos (»>)i + (Bin <>)j . 
, Draw these vectors in the xy-pla3ie. 

(a) Find T • B , | A | , . |b | 

^b) Use those results to prove that 

cos(0 ^ $) = co6 $ cos $ + sin 0 sin 6 . 

11. Prove: -1; < 1 < 1 . 

12. Comment on the following: there is an associative law for vector addi- * 
tion: (A + B) + C - A + (B + c) . "Bierefore, ther^ may be an associaT 

. tive law fqr inner products: A • (B • C) = ( A • B) • C 

3-8. Laws and Applications^ of the Inner (Dot) Product . 

A useful fact about innA- products is that they have Bxme of the 
arlgebraic. properties of products of numbers. Uie following theorem gi\Ees two 
J 6uch properties. X 

mSOREM 3-1^ . If X , Y , 2 are any vectors^then 

' (a) IT* (T + ^) - X . Y + "x. T 

(b) (tX) ♦ y" = t(X* y) = (x) • (tY) . 

part (b) states "a scalar multiple of a dot product , can be 
attached to either vector factor." 



% ■ 
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(b) 



Proof . Let X = .{x^,X2^ , Y = [73^,72] , 2= [z^^Zg^ ' * 



Cbrollary 



. , X . (aY + bZ) = • Y) + b(X • z") • 



The proofs of this 6o/ollary and the last part of Uieorera are left 

as exercises. . ■ * ' 

may now use the Inner product to prove theoreioe in ge<»Bt27 which 

involve perpendicularity. • . 

« ■ ' • 

Exai^le 1. Shov that the diagonals of a rhojabus are perpendiciilar • 

Solution . Choose^ the origin as one yertex of the "Vhoidms . The tw 
adjacent sides can be represented by the vectors A and B with jAj = |Bj 
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B 

* 

Fl^^e 3-20 

Thus one 'diagonal is represented Iqr ^ + and the other \di agonal is 
parallel to A - B . To test for perpendicularity we calcula^a^the inner 
product of these two vectors, using Theorem 3-lU» ' ^ 

^ . 134 128 . ^ 
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(A + f )" (A - B) = ( A + E) • A - (A + B> /B 

«rA#A + B- A- A»B-^B«B 

But |Xj = |b1 , so that the inMr products Is zeifo and hence the diagonals 
are perpendicular, ^ - ^ 




Exanyle 2. Prove that the altitudes of a triangle axe c^gMrrent, 



c / 




Proof. Refer to Figure 3-21: Let ^ and W he altitudes of AABC , 
^fhen BE and CF must intersect at some point H . AH intersects BC at 
scaae point D ^ We mUst prove 

(1) b • (a - c) ^ b . a - h • c = 0 ; * (Why?) . 
thus "b - 'a = b . c . ^ — 

(2) aLmilarly, c"* (b" - "a) = •'t - a = 0 j ' 
thus "a = c • b . ? ^ 

(Why?) 

(if) - b - a = 0 • ^' ^ ^ 

(5 ) ( c" - "b ) • a" = 0 and "a ( - 'S') . t 

(6) Jlence AD _[ BC and the three altitudes are concurrent. 



(3.) b . a. = c • a 



•Pie inner product can he used to derive another result. Let 
X = ^i\f^2^ ^« B non-zero vector. Then X' =^ [-x^^x^] Is also a 

vector and we have 
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•zetro 



Hence by Theorem 3-12, X and "X^ perpendiciaar and the angle between 
the vectors is 90°. Now let Y = [y^,y^] be any non-zero #rector. We iraw 
calpulate 1?* ? . " 




Figure 3-22 ' 



The 



To tio BO we" nfiist determine tiie angle between the vectors X' and Y 
relationship Sf this angie to angle 0 is not always the same. In 
Figure 3-22 the aggie 0' between X» and Y is 360°"- (fX)° +, 6) . 
If Y were near thd positiVe side of the y-axLs, the angle 0 would be 
90° + e . If ^ werfe between X and X' , the angle 0' would be ' 



90" 



0 . Jf y were near the negative side of the y-axis, the angle 



would be 0 - 90° . Therefore J we have 



C08 Q 



3» 



cos [360° - (90° + e )1 * 
COS (90° + e )' , 

cos (90° - 0 ) , ' 
or COS ( e - 90°) , 



sin 0 . 



Therefore, in any case, sl-nce X| = [-x^^x^] , 

X'.Y = [_-x2,x^] • [yj^/yg] = x^y^ " Vl = f^' 1^' ^' = ' ^ l"^' ^ 



But trcm the figure, we see that sin 8 is the length of the altitude h 

dravn fxtm X to line OY in ^QQCt. Thus the area K of ^fJXY . is given by 

Hcfwever, ?ince h jxj sin 0 , * *" . 

K = i|Yl |X| sin 0 = llx^y^ - x^y^l . 



§ 3-^% Resolution of Vectors. . I. 
' -J^ . 

In the first discussion -Jla vector CQ^apOnents (Section 3-6), it was noted. 

that the vectoj X = [a,bj had a • as its x-ccatiponent and^ b as ite y-ccm- 
ponent. 




As before,, we have the c^i^onent vectors ai = A , and , bj • 

We now wish to extend this concept of coaponent vectors. Opnsider any 
non-zej^^'^igin-vectors X and Y to points X and Y .respectively. Let 
tlie perpeWiciaar from to OY meet OY in point P as indicated 4ji 
Figure 3-2^^, OSien the vectors "m and n" corresponding to OP and EX are 
called the CGffl5}onent vectors of • X vith respect to Y • This idea is not 
restricted to origin- vectors 



* 

\ 
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• TSiis extension of the concept of components of vectors -is ofteQ helpful 
in physical and gecMetrte applications, ^ere these ideas are discussed in 
terms of the resolution of a vector into vector ccaoponentB. In the above 
discussion, we^say that we resolve X /into vector ccsnponents m and ^^n 
respectively parallel and j«rpendicular to Y • ^ 

From the definition of the inner product of two vectors X and Y , we 
j have , , * 

(1) jthe component £>f X in. the direction of Y , • 

represents the unit vector aloqg the Y direction. ' 

(2) the ccffl53gnent of Y in the direction of X. , 

, Y cos e - ^-1^ -7 ' — • vhere 

|x| Ixl 

* X ^ 

— represents the unit vector along the X direction. 



Ix.l 



Exercises 3-8 and 3-9 * 



1. * Verify Theorem 3-lH (b) for the vectors 

X = [2,h] , Y = [-1,-3] and t - 5 • ' 

2. If 1t= and Y* = h-^^y^],', prove that (tX) • Y = X . (tY), for 

* i 

any scalar t 

3. Prove the corollary of Dhtorem 3-1^ • ^ 

(a) -Supply the reason^ for each step pf the proof of the theorm 1^ 
Bxample 1 follvjviug Theorem 3- A. . 

(b) Same as (a) for the theorem in ExantpT5^2. 

5. Find the are^ of the triangle determined by A = [3,-l]' and B "[2,6J 
and checK^our result by any method. 

6, Giveti A = 2i - 3J and B = -2i + ^ . Find the con^onent of 



m in 



(a) A upon B 

(b) B upon A 
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Givenns vector representing a yind of 30 mph, from the soiithvest. 
Locate this vector in a coordinate plane where the pqsitive side of the 
y-axis<is considered to lie in the north direction^. Resolve this vector 
into its m and n componente (as described in Figure 3^23) with ^ 
respect to: • / 

^a) the^ X and ^ y axes. 

(h) ; the line 0 - 15° . ^ 
(c) the vector T= [10,15] . . 

1 ^ . 



Challenge Problems 

(■Ceva's Theorem) Let' P , be any point not oi> triangle &BC . Let 

CP intersect 
BC , ^ , AB respectively 
at S . Show that 



(Cat 




In-triangle ABC , let 
55 _L AB ^and let P be 
any point op CD . Let 
A?" Intersect BC at M 
and BP intersect JS , 
at N . Show that 

/cm = ^ciM \ 

(Bint. Take D to be ,^3 J 

(Menelaus* Theorem) Let i 
be any line >Alch-r^oe6 not 
pass through any vertex of 
triangle ABC . Let i 



intersect AB , AC 



respectively at P,- K • 
Kidw that 

dfA.Q) . d(C,R) . d(B,F) _ 

JtotcT d(E,B; d(p,A; 
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3-10 ' . 

it^. (a) Prove algebraically 



SG^: OMs is a case of Schwarz's Inequality j another form of . 



ijixich Is 



# \2 / 2 2 2%, 2 .2 : 2x 

. (x^y^ ^ x^yg + x^yg) ' < (xj^ + yg + + y^ + ^3 ) 

^ ■ . • ■ • 

(b) Write these in vector notation. 

(c) What gecmetric interpretation can l?e made for the case ii^trtiich the 
left and right manbers are equal, 

■ ' ' ^ • . ' . .'■ ' 

3-10. Summary and Reviev Exercises > 

I^e chapter Just concluded desat with vectors and their appllcaticxie. 

* After reviewing seme hasic ide^is about directed lipe sisgisents (objects with 
both direction and magnitude), a vector was defined as an. infinite set of 
equivalent directed line segments. The OWgin-Prlhciple allowed us to relate 
a vector to euiy point in spac^ as an origin. ' We found it useful to' select the 

, origin-vector^ that roember of each set with its initial point at the origin^ 
as tlife simplest representative^ of a vector. The unit Vector and zevo vector 
were defined and^ the teiin scalar introduj^ed. * 

iJie next step in setting up an algebra of vectors was taken when the 
equality of vectors weis defined in accordance with comnon practice. , 
operations of addition and subtraction of vectors and the product of a vector' 
by a scalar were defined. Tt\e last concept inade it possible to state that two 
vectors are parallel if andt only if one is a scalar multiple of the other. 
The prigln-Fc^nciple related operations with vectors ^o the corresponding 
operations with their respective origin- vectors, 

It was then prdved that the coiiBnutatlve and associative laws hold for 
the addition of vectors. Scalar multiplication satisfied the assocliatlve law 
(r8)P = r(sP) and the distributive laws r(? + Q) =^rP + rQ and 
(r + s)^ = r"? -f s*]^ . The zero vector 0 has the usual properties of the 
additive identity; the additive inverse, - p ^ Is defined by P + (-P) = 0 . 

' QSie definition of a linear combination of vectors made it possible to 
prove 801QB basic theorems about vectors. Theorem 3-5 stated that in a plane 
. any vector can be expressed in terms of any Wo non-parallel and non-zero' 
vectors."^ After the study of vector coi^nents, it was pointed out that any 
^ vector can be represented as a linear combination of the unit vectors 
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i s= [1,0] and J = [0,ll . Theorem 3-7 nade it possible to detemine if a- 
point P lies on the line passing through the terminal points of t^jo distinct 
^vectors A and which do^not lie on the same line by proving that 
P s= (l ''^ t)A + rB . Sets of poihts on a given line could now be given a'veclljp 
characterization. Theorem 3-8 of f ereS a s^cond method for dividing a line 
segment in a given ratio* ^ 

Vector ccOTponents play a basic role in the application vectors.- ISie 
.operatiohs on vectors were defined in terms of these ccMponents. If X ^ [a,b] 
Y = [c^d] , then "x + Y^^Ea + c^b^d] and rX = [ra,rb] * 

The inner prtxluct of two vectors was defined by X • Y = [x | |^ cos 9 
where l& is the angle between the two vectors, wl^h 0 < 9 < n m It yap 
then proved that if X = [x^^x^] and Y = IVyV'^^ y then X- Y = x^y^ + x^y^ • 

A physical application was presented i^ the concept of work in physics. An 
important theorem is that two vectors, X and Y j, are perpendicular if and • 
only If^ X» Y - 0/. The inner product has the following properties^ 

(i) x"- (y ^^z) = IT- y" IT. z • 

(P) (tX^^Y ^Ic- (tY) - tC^T-y) where t is a scalar. 

(3) X^ (aY + b^) = a(X* y) + bCx*"?) where a and b are s'calars* 

The inner product ha^ many applications in geoir^try. We showed how it dould 
be used to determine an angle between vectors, to find the area pf the triangle 
determined by two vectors with a ccmimon initial' pointy to prove that the diago- 
nals of a rhombus are perpendicular, and to show that the altitudes of a tri- 
angle are concurrent, chapter concluded ♦ith a discussion of ^e resolu-. 
tion of vectors. This concept has considerable* application in physical problems. 

In the following chapter which deals with methods of proof in . analytic 
geometry, there will be more proofs applying vector methods to geometric 
problems. In Chapter 8 there will be a brief introduction to vectors in a ' 
three dimensional space. 
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« . # ' Review Exercises 

1. If T= [3,-5] , B » [-1,6] , "C = [2,33 , find X in ccanponent forto such 
that /f , . ' 

(a) A+'B = C*-»-X (d) A + a( = B'+c'-X 

(h) ' 2A + 3B = Uc'+ 5? , (e) 3(X + B) = 2(X - c) 

(c) 2(f - t) = 3{C - It) (f) 3r+ 2(X + A) + 3(X + b) = O 

2. Prove Hieorem 3-3. . ' 

3. Prove 'Bieoreni 3-^. ' 

k. Let A = [2,3] , "b = [3,-2] , c" = [-1,3] . Find in component form, the 
single vector equal to 

• ■ ^ ■ 

(a) " 2A + 3B-'C • (d) 5(A - C) + 3(0* - a) ' 

(b) X-2B + 3C' (e) 3CA + B - *C) + eCA*- "b + C) 

(c) 2J(A + B) - 3(B - C) (f) 5(0*- "a + B) - 3(B + A - C) 

# 

5. Use the values of "X , "b , c" , as in Exercise ^4^, and find X ,in CMiqponent 
fom so that 



(a) A + B = C + X / (d) A + 2X = B + C - X 

(b) 2A + 3^ = UC^+ 5X (e) 3(X + B) = 2(X - c) 

(c) 2(A - B) = 3(C - X) (f) X + 2(X +"a) + 3{X t B) = 6 

6. Use the values a" , B , C , as in ©cerclpe h, and find the numeiical 
• vsuLue of 

(a) T't if) (2B + 3C)- (2B - 3C) 

(b) 2A. 3B . . (g) (3A + 5B) . (3B - 2C) 

(c) 3t-(B + C) (h) (r+ B - C) . (B - A + C) 

(d) 2B'-(3A + 2C) '(i) (2A - 3B +• ^c) • (5A - 2C + 4B) 
(e^ (A + B) . (A* - B) (J) a* a + B. B + C • C 

7, Use the values of A , B , C , as In Exercise k, and find the numerical 
values of 
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(a) 


|A| + |Bl 


(h) 


|a1' - |Bl^ 


(b) 


l2Ai +JiC| 


(i) 


iAi^ . iBr - icr 


(c) 


2|Al + 3|C| 


(J) 


|2A|2 + |3S|^ + \hc\^ 


(d) 


!3Bl->A| 


(k) 


\2A + 3B + kc]^ 


(e) 


|A - B( 


(1) 


\A.Bf 


(f) 


iSA + 3c| 


(m) 


2|a!^ + i||r' + Mc|^ 


(g) 


|3B - hA\ 


(n) 


iXr" . 2|A]|B| ^ ibi^ 




* 





i 



8, Jf i = [l,Ol €tnd j = fO,l] , we may express the vectors of Exercise h 
thus: • A ^ 2i ^,3j' , ^ = 31 - 2J , C-^ -i + 3J * In each part of Exercise 
k, restate the original problem in terms of i and J ; then, carry out 
your ccMputaticme and express your results in tenas of these components. 

/ 9* (Refer to Exercises 8 and h above.) Restate, in each part of Exercise 5, 
the problem and the solution in terms of i and J components, 

10. (Refer to Exercises 8 and k above.) Restate, in each part of Exercise 6, 
the problem and the solution in terms of 1 and J cc^onertts, 

U. Given A - (4,1) , B = (2,5) , C = (-2,3) , and D - (0,-4) . 

(a) Find the an^le measure of ^ABG , /BCD , /C!DA , and /pAB ; check 
your results. . • 

(b) Using 0 as the origin, find the areas, of ZiDAB , dPBC , and 

(c) Use the^ results frtm part (b) to find the area of AABC . 

12. Try to develop, with the methods of this chapter, .a formula for the area 
of MBC , vhere A - (a^,a2) , B = , C - (c^c^) *. 

13. Find the area of the parallelogram in which M and are adjacent 
sides, CSan you apply these results to an earlier exercise in this set? 

Ihs Find the ^vector representation of an exterior point of division which 
divides ,the directed segment ('JR,S) in the ratio ^ where: 

(a) S = [2,-1] , 5 = [-1,3] , and .| - -2 
(t') ^il^] , ^ = [2] , and f =-»4 • 

' (c) \' [2:,3,1] , S - [1,-2,4] , and I = -3 
. (d) t ^ [-9,7] , ? - [3,-2] , and I - ; i 

*15. Given the triangle ABC with % = [2,3] , t - [-1,2] , and ? - [l,h]. . 

(a) Describe the triangular rega.on, its interior, and the triar^le itself^ 
using these vectors and two scalfio^s . 
• ^ (b) Show tl;at [1,3] is a vector >*iose ^terminal polpt is an interior 
^ point of the^ triangle • 

(c) Show that [l,l] is a vector >^ose terminal point is an exterior 
point of the triangle. 
* (d) Show that the segment joining the points described in (b) etn^ (c) 
iptersects the triangle. 
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♦ 16. Consider the convex quadi^llateral ABCD 'with 5 = [2,3l , 5 = [-1,2] , 

? - [lM , and 15 « [2,4] Hwi an expression for the polroonal region 

ABCD using these vectors and three scalars. / 

* ^ / 
*17. Given the foiir vectors X S , , aM 15 , vhose terminal points are not 

copianar, find an expression for the tetrah^ral region ABSD in teiimi of 
these vectors ai^ three scslars* * / \a 

18. Find the i^asure of the ajigles formed by the intersection of the lines 



(a) 2x + 3y - 8 ^ 0 and 3x - 2y + U = 0 • 

(b) 5x 4- y - 2 = 0 and 2x - y + 6 = 0 • 

( c ) X 4- y 4- 3 0 and 
•(d) X 4- 2y 0 and x = U 



/ 



19. Points A . (1,0) , B = (5,-2) , and C « (3,*^) are the vei^i^^ee of a 



triangle. Find the measure of each angle of . 



20. Given points P = (-3,-8) , Q ='(lU,9) , R = ('*.,9) , and sA (-3k2)- - 
Find the measure' of each angle of quadrilateral PQRS , and naii» th^-v 
figure. / 



/ 
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Chapter k 

raoQPs BY aiialy|tc methods 



Introduction, 



One of the sat Isf actions ve hope jrou will gain from your study of 
analytic geometry is the realization that you l||v^e some very poverful tools . 
for solving many se^Jingly difficult or in^ssible. problems. We can doaon- 
strate this, even so^ea^ly in.our wDrk> |)y obsaa |Vlng t^e singjliclty and 
^directness of analytic proof s for srane theor^as from plkie ge<^etry and 
trigonomelyy, You*'vlll recall isany of these the^rons,. and you also may 

recall some of the struggles vhlch result^ from using synthetic methods on 

J' • ■ 

these problems. 

<f - ■ ^ • . , 

By increasing the number of methods avEtilable to polve problems, we 

create another problem-*the uncertainty as to i^ich methbd to use in a given 

situation. We shal^ sometime^ ask you to' use a particular method so that you 

may develop competence and confidence in its use. A tennis player may, in 

order to strengthen his backhand, be encouraged to use it tonporarlly more 

than he would In normal play. Your uncertainty and "discomfort with a new 

method will last only until you have mastered it. You should understand 

also that even a cocgjetent mathematician msjf start with one method and 

discover later that it is not as convenient as another method. As you study 

the exa2E(ples in thl,s chapter, you should watch for clues to the reasons for 

choosing one method rather than another. C^eful observation at this point 

will smooth the way as you proceed. ' 

For the purposes of this chapter we assume that you know the kinds an& 
^)asic proper^ifes of common geometric figures and that diagonals, medians, and 
tihe like, have been defined.^ These items, as well as the theorems to be 
^ discussed, may be reviewed in SMSG Geometry ,' Intermediate Mathematics ^ or 

^equivalent source. - 

' ■* . ' ■ . 
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4-2. Proofs Using Rectangular Coordinates / 

Let us now provft some geometric theorans In xectangular coordinates. 

Exainple 1. Prove: The median to the base of an Isosceles triangle Is 
perpendicular to the base» We might y ' ^ 

find the triangle placed In relation 
to the coordinate axes, as In Plgurp 
k^l, with AC = BC and vlth . D the 
^dpolnt of ^ . From an analytic 
point of viev, to prove CD _[ AB we 
p must show that the product of the 

slope of AB and the slope of CD \ <b*dj 

is -1 . - ' 




■ . Figure k-1 . ■ * 

In order to ensure that the triangle is a general one we might select 
coordinates as follows: A = (a^Tj) , B = (c,d) , C = (e,f)". It 'followB^that 

midpoint D = (^-^ , ^^-|-^) . By hypothesis d(A,C) = 'd(B,C) . . 

We apply the distance formula to obtain 

^_ t 



(1) 



a , 2ae + e + b - 2bf + f"^ = c - 2ce + e + d"^ - 2df + f"^ , or 

2 2 2 2 

a - 2ae 4- b^ - a^f - c - 2c€ + d - 2df . 



We next calculate slopes. The slope of CD is 

and the slope of AB is — — . 

a - c 

The product^ of the two slopes is 



b + d - 2f 



a + c - 2e 



2 

b 4- b4 



2bf - bd - d + 2df 



a 4^ ac - 2ae - ac - c + 2ce 



b^ ^ 2bf . + 2df 



2ae 



2 

c + 2ce 



He 
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Squatlon (l) can be written as 
2 



(2) 



2ae 



/ 2 

c + 2ce = 



-b^ + 2bf .+ d? - 2df * 



"Substituting the right member of (2) into the denominator of the product of 
the slopes, we obtain 



- 2bf 



d^ + 2df 



-b^ + 2bf + d^ - 2df 



= -1 



/ 



an 



hence, the theorem is prov^. 

It would be discouraging indeed if all of our coordinate proofs involved 
as much algebraic manipulation as exhibited In this exaa^le, ■ Fortunately, 
this is not the case, and you may already see vhat can be done to simplify 
th^algebra. It was not necessary to choose the coordinates as we did. 

f -I 

The properties of geometric figures depend upon the relations of the 
parts and not upon the position of the figixre as . a ^ole. IRxerefore, in our' 
exaiDple, since only the triangle and not its location is specified, we could 
Just as well" Selec^ a coordinate system 

which A is the origin and B lies . 
^orf the positive side of the x-axis. 
This situation is illustrated in Figure 
\4-2, We now may have the* following 
coordinates for the points: A = (0,0) , 
B = (a,0) , C = (b,c) , DA (|,0) . 
Note that >eyeral of the Coordinates 
are zero . This is the feature ^ich 
simplifies the -algebra in our theorems, 
and this desirable goal provides us with' 
a general guide in choosing' coordinate 
aic&fi^for all our problelns.* 

In actual practice we are mo'iae 
likely to make a drawing with the sixes 
oriented as in Figure This leads 

to consider two methods of relating 
a g^metric figure'^to a set of axas.^ 
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0 B 

Figure 4-3 



The method we have Just described, that of assigning coordinates %o a given 
geometric figure, is based upon the properties of coordinate systems developed 
in Chapter 2. , Another method in conmion use eng)loys the principles of rigid 
motidn in ^Ich geometric objects ^e "moved" to more suitable locations 
without changing their size or shape. With respect to our current ^rsssg\^^ 
we would arrive •at Figure lt.-3 throu^ this second method by assuming a fixed 
coordinate system upon which we place AABC so that A coincides with the 
o^gin and B is placed on the positive side of the x-axis. The difference 
in the methods is largely one of viewpoint. 

Another device which you will find useful can be illustrated by assigning 
coordinates to the vertices^^^^^A^C^ in Figure as, follow^ A = (0,0) \ 
B = (2a,0) , C - Cb,c) . The reason for using 2a for the abscissa of B is 
that we now have D = (a,0) , jpd we can complete the algebra without so much 
calculation involving fractions. The principle here is that a few minutes of 
■foresight may save hours of patience. - ' * 

Sometimes we pay a small price for the simplicity we gain. For example, 

« 

the choice of coordinates suggested in the previous paragraph leads to trouble 

V 

-regarding the slopes, Altijough the slope of AB can be found to be zero, 

CD does not have a slope, since a ^ b i (Use the dist€uice foinmila with 

.d(A,C) = d(B,C) to verify this.) Nevertheless, 1;he pix)blem has been 

simplified, for this means that AB is horizontal and CD is vertical, and 

this is also a condition for perpendicularity. 



You might have chosen ^i^oc^inate 
system in which AB ' is on the x-ajds 
but D is the origin. This is a fine 
^^^ice. As you can see^ in Figure 

A = (a,0) , then B = (-a,0) 

C lies 

on the y-axis. Let C = (b,c) and use 
the distance ^prmula in d(A,C) = d(B,C) . 
You can -show that b = 0 ; hence, C lies 



il^ we choose 
It remains for- us to^prove that 




Figure h-k 



on the y-axis and CD J_ AB , 

Let^s summarize the procedures we have seen in this example. Usually 
there are nK)re ways than one to attack any given problem, but certain^ general 
steps can be outlined. It was natural and useful in this example to use 
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rectangular coordinates, since we were concerned vith midiKJints, lengths, and 
perpendicularity. Other situations we iheet later i^iy lead naturally to 
vectors or pola* coordlnktes* In the cases f. or vdiich ve decide to use 
rectangular coordinates, we might follow the outline suggested below, ^ 

(a) Choose a coordinate system (or place the figure on oneS^oo ^ to 

sin5)lify the algebraic proce&ses. Often this means having ^.v^tex 
of the figure at the origin and one of its sides -on the x-axis, 

(b) Assign coordinates to points of the figure so as to aceomitpdate the 

hypothesis as siiDply and clearly as possible. That is, jnake the . 
figure sufficiently, *but not unnecessarily, general. 

(c) If possible, state' the hypothesis and conclusion in a way that will 
correspond closely to the algebraic pro(5edures being used. ^ 

(d; Pleui to algebraic proof. Watch for- opportunities to en^aloy the 



distance, midpoint, and slope formulas- 



Let. us try another theorem from pltoe geometry. * . 

Exaiqple 2* Prove: The diagonals of a parallelcgraj^ bisect each other. 



Following the outline of our procedures, (a') to (c), we represent a 

parallelogram in a drawing and orient it with respect to the axes as in 

Figure 4-5. We let A = (0,0) and ^ 

B = (a,0) . The ijuestlon of choosing 

coordinates for C and D can stand 

some discussion. The coordinates of 

C and D are not Independent of 

those of A Sk^ B*, nor are they 
— f 

independent of each other. How much 
can we assume about a par^lelogram? 
We know by definition that the opposite 
sides of a parallelbgram are parallel' 
This enables us to see at once that C 
and D have the same ordinate. Further- 




/ 



B 



Figure 4-5 

_ _ f ^• 

more^ since BC 1 1 AD , tiheir slopes are e^ual. This suggests that we use 

the s;^ope formula to obtain a relation betwe^ the abscissas of C and D ; 
namely, that the abscissa of , C is the absciss^ of B plus the abscisna bf 
D • Thus ire wrfte D - (b,c) and C = (.a + b,c) • If we are alloyed *to use 
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%he property of a parallelogram that the opposite sides have equal lengths, 
then we shall reach the ^ame conclusion ittore readily. 

* Some people prefer to eiEploy these elementary properties of the coiamn'' 
figures; others choose to assume no more than the definitions. For the 
puriK>ses of this section we shall agree that we may use the properties 
ascribed" to geometric figxires their definitions and*#^ the theorems lii^ted 
in Exercises' taking these theorems in the order in \riiich they are listed. 

Our current exaicple would be listed after Exercise k so the conclusion of 
Exercise k would be available to us \rtien we chose cooi*dina^es for Figure i|-«-5« 

The conclusion of our example is reached c[uickly. We are. required to*, 
prove that the diagonals bisect each other. This ^eans that each diagonal 



interseets the pthei' at its midpoint. An application of the midpoint formula 

^a 4- b C\ 

I '5/ • 



shows fiiat the midpoint of* each diagonal is (- 



2 ' 2' . 

conclude this section with a ch^lengel Try to prove the following 
theorem by synthetic metijfi^s, ^nd compare your proof with '^the one suggested 
below. 

■ . . ^ ' '» - 

Examp3^e 3. Prove: If two mediaris of a' triangle are congruent^ t^e 

' « * i \ ' " 

triangle is isoscele^^ ^ • ^ . 



We pre^r to Use coordinates. The triangle must not be assumed to be 
isosceles, so we assign ccxJrdlnatfes in si V 

Figure 4-6 as follows: A = (2a^0) , 
B = (2b, 0) , C = (0,2c) . Let M = (a,c) 



be the midpoint of AC , and let 
N =^ (b,c) be the midpoint erf BC • 
Next we shall express the hypothesis, 
d(A,N) = d(B,M) , in terms of the 
distance formula. You are encouraged^ 
tr) state the desired conclusion and to 
'complete the .details of -the proof. 
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Figure l|-6 ' 
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Scgrclses , • - 

The follovlng exercises are tUeorems selected from the usuaX development 'i 
of plane geometry* You are to jjrpve these th^Drems ^in rectangular codrdinate^, 
using tiie ''ground^ riJles"^ have outained.' ' ^ 

1. The line segment^Joining the midpoints of two sides of a triangle is 
parallel to ^he tMird side and has length equal to 'One-half the length 
of tHe third side. 

2. If a line bisects one, side Of a triangjje'and Is^parallel to a second* 
side, it bisects the thfrd side; 

w • * ' ■ ^ ■ 

3. TheHocus of points equidistant from tvo points is the perpendicular 
blseatojT x^f the line segment Joining the two given points. 

U. The opposite sides of a paraO^lelo^am have equal length. 

5. If two sides of a quadrilateral have equal length and are parallel, 
. the quadrilateral is a paral'lelograiik 

6. If the diagonals of a quadrilateral bisect each other, th^ quadrilateral 
is a parallelogram, * " - ^ 

7. If the diagonals of a parallelogram have equal length, the parallelogram 
is a rectangle* . 

8. The diagonals of -a rhombus are perpendicular. 

9-* If the dia^nals of a parallelogram ^e perpendicular, tl;e parallelogram 
is a rhombus. * , - 

10. The lii^e segments Joining in order the midpli|.nts of the successive Sides • 
* of* a quadrilateral form a parallelogram. 

11. >: The Xine segmehts ^ning the midpoints the opposite sides of a 
^ '^uadrilQ^teral biseot each other. ' 

^12; -The diagonals of an isosceles trapezoid have equal length. * 

13# The median ot a trapezoid is parallel to the Ijases and has length equal 
to one-half the sum of the lengths of the bases. 

Ik^ If a line bisects one of the nonparallel sides of a trapezoid and is 
^ parallel to the bases, it bisects the other nonparallgl si^de. 
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15. * In My trlaji^e, the square of the' length of a side'^opppsite an acutem 
angle is eqjaal to the sxm of thfi squares of the lengths of the othet two 
^ sides, miims JtJ^ce the product of the length of one of the sides and . 
the length of the projection of the other on it. - > - 

l6* The medians of a triangle are concurrent in a point 'that divides each of 
the m^ians in the ratio 2:1 « ^ , ..^ _ 

lt# TPhe altitudes Of a- triangle are concurrent* 

l8. A line through a fixed point P intersects a fixed circle in points 
A and B . Find th^ locus of the midpoint of ^ . ' (CojMider three 
possible positions for P , relative to th^e fixed circle.) 



4-3. Proofs Using Vectors . . ^ . ' " 

We shall now prove several theorems of. geometry by vector methods. Some 
Of the proofs are moi^e difficult than those using methods discussed in your I 
geofcetry course or in the preceding section. Others are accomplished- more j 
simply or concisely. 5n any case, the experience* will 'de of great help in | 
future mathematics, courses and in applications to sci^ence or engineering. 
It --will contribute toward your general ability to solve problems by giving (' 
you an additional tool suid approach. \ 

We shall demonstrate these approaches by solving several problems ill \ 
detail. ■ , \ 
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Example 1. Prove that the MedLayi of a trapezoid is parallel' to the bases 
and has length equal to ono-half the 'Sum' of the? lengths of the basest 

'^We first draw and label a trapezoid 
ABCB with ^ I I CD and with E and F ^ 

'the respective midpoints of AD* and BC • ^ , 

If wo were/using a rectangular coofdinate 
j,;ystem in this proofs we probably would 
chOQS^ tholes as in Figure ^♦Y • But 
since we ore using a vector proof, we do 
not need the axes at all. In fact, 
because the origin vectors would not give 
us any advantage in the proof, neither do 
we specify an origin. 





B 



152 

lk6 



Figure ^+-7 



' A vector drawing for the problem might then appear as in Figure 4-8. 



D t. 





Figure U-8 



Something should be said abou*t our choice of vector representation. 
Sinro E is the miajK>int of 7S , if ve represent AE by^ ? , then S 
nujy also "^je . represented by a* . Similarly, we choose 'ff on the other non- 
parallel side, c and d represent the bases, and jc represents median EF 
We are to prove ^ ' ^ 

.d(E,F) = |^d(A,B) + d(C,D)^ and^ ^ I I and ? I |. 1* . 

"Since one may "im^ve" from E to F ' by going directly there, or by 
going through D and C , or by going fhrough A and B , we have 

X = a + d - b ' 

and ^ » x=-a,+c+b; 

therefore, . ^ 2x ^ c + . 

Note again that when "mpvlng" arounJ-a; vector' •diagram,^-we add vectors which 
have the same sense of direction as our nK)tion, and we. subtract vectors which 
have the opposite sense of direction of our motion, a * " 

By the definition of parallel vectors, if 2 = f ^ , then 
T \ \ since it is Rivon that | | T , it follows that ^ | | IT 

*'and X j I d . Furthermore, if 2x c + d , thon 

N =i(hl + .or. d(E,F) =^(diA,B) + diC,!))^ 

f 

hence, the theorem is proved. You may wish to Inv^stigafc vAat happens to the 
proof if yoi» alter the direction of any of the vectors in the diagram. 
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. Exaayle 2, Shov that the mldiK)ints of/ the sides pf a quadrilaterial are. 
the vertices 6t a ^tarallelogram. 



Thla situation is depicted hy Figure 
in Which R, and S are the 

giy^ nitdiK)ints of the sides of quadri- 
lateral ABCP # Once we choose an 
origin, each- joint of the figixre de- 
termines, an origin-vector* »(lt might 
be profitable for you to copy^the figure ^ 
on a piece' pf paper, select some poin^ 
as an origin, and draw the origin- 
vectors to the vertices^ ) 




A portion of the figure with a set of 
brigin-vectors is shown in Figure if-lO/ 
We have also identified the vectors from 
A to P and from P to B in order 
to make use of the fact that 
d(A,P)= d(P,B) . 



Figure . 



\ 



Since 




A + a 


and 


P = 


B , 




2P - 


A + b" 


or - 


= 


|(A+B) . 


Similarly, 


0^ = 


+ c) , 




E = 












7 



Figure k-10 

(Had "vre not "been interested in calling your attention to an application of 
vector addit^OH, we would have obtained the same results from the Point of 
revision Theorem. ) 
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We next note that vector P - Q is equal to vector S-^ R because both 

are equkl to -^{A - C) • But vhy did we choose an expression like . E^Q ? 

!ghere^la ^ good reason for the choice. Hie :^e^n vector ? - Is parallel 
to PQ , and remember that we are to show that certain segments are parallel. 

In order to see the importance of P-Q = S- R, let us take a closer 
look at this situation, using a different origin. Suppose^ ve isolate the 
lower part of Figure k"9 containing ' * _ 

points P^ and Q as in Figure * 
4-11^ If we choose B as the. origin * 
and E so that B is the midpoint. of ^ • 

QE , then we have vectors as marked on 

the diagram. The Vector from Q to P * \ • - 

is + P which equals P - Q and is 
therefore equal to T . It follows , then 
that the line on vector J - ^ is 
parallel to PQ . Similarly the line on 
vector S - R is parallel to ^ ; and, 
since P Q is equal to and, consequently, 
parallel to S - R , we conclude that 
PQ I I SR . In Jghe same way we show that 
^ If , and PQRS is a parallelogram. 




Figure k-ll 



Example 3. Prove that the medians of a triangle- intersect in a point 
which is a point of trisection of each median. 

Solution . Let ABC be the triangle and P, Q, and R the misipolnts ' 
of its sides as shown in Figure 4-12. 
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By the OrlBin Principle we may pla^ the origin vherever wp vish. If 
we are successful in proving the mediaM concurrent, the ?)oiftt of intersection 
would be an ideal choice for the origin^ for t^fien ekch origin-vector to a 
vertex would be collinear with the origin-ved%or to the midpoint of the 
opposite side. . , 

We cannot assmne all three medians concurrent, but we can let the ojrlgin 
0 be the "intersection of AP and BQ i Then to prove that CR contains 
this point, we must prove that R and C are collinear, or that 'R is a 
.scalar multiple *x>f C • 

« 

Proof . Let the origin be tije intersection of ^ sa^ BQ . Since P 
and Q are^iidpoints, and since P and Q are collinear with A and B 
reapectively, we may write 

(2) Q = |(A +■€) = yB ; 

If we subtract Equation (2) from Equation (l), we obtain 

y*- "q - I B^- | A - xA - yT. 

By th^ unique linear Vombination theorem (Theorem. 3 -^fj^ , x = - ^ and 
y i . The ^Qometric interpretation of this discovery is- that 0 is a 
triseetlon point/ of AP and ' W • I^* we substitute these values., in 
Equatidnc (l) and (2) and add, we obtain' r 

N - 

Since R -^(A + B)', the second, two members of this equality become 

R 4^ C - or R - 1 C . 

Thusj, R and C arr collinear, 0 is on CR , ami 0 is a point of 
t^rioecjtion of CR . \ 

Tf wc choose another point as origin and let G be the point of inter- 
section of tile medians, the Point of Division Tlieorem' pc^rml tr, us to write 

or G A+|(|b + lc) = i A 4 ifi + ^r-.-i(A + B4 . ^ 
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We liave not only solved the pro"blm, tut also have represented the point of 
concurrency "by the vector i( A + "b + . This point is called the centrold 
of the triangle and^has an^inqportant property connected with the idea of the 
center of gravity of a physical object. . If a thin uniform sheet (such as 
cardhoard) is cut in the shape of the triangle. It can be balanced on a 
pencil point placed at the point corresponding to^ the centroici. 



Example 4. Show that the bisector of an angle of a triangle divides 
the opposite side into segments v*iose lengths ar^ proportional to the 
lengths of the adjacent sides. ' 



Solution . Let W bisect /qH^ , 
and let the vector from P to Q* be 
^ represented by a , the ^vector from- ,P 
to T by b , and the vector- from P 
to R b:^ ? , as shown in Figure 4-13. 
We are to show that 

d(R.T) d(P,R) 
T,Q) d(P,Q) • 




This problem involving an angle bisector affords us mi opportunity to 
demonstrate the use of unit voctoj*G in a GO'lutlon. A vector vhich bisects 
the angle between a and c must lie alofig the diagonal of a rhombus ^ose 
adjacent sidcs^ic along a and c . We employ unit vectors to accomplish 
this result. <i 

Any vector along a can be reprer,ented as a scalar multiple oj^ £l ^ In 

partit^ular, the unit vector along a? can be represented by ^ - - ^ 



Then the Vector frq^n P to E , 



a 



, and the vt?eior f/om P^ to F 



, determine > rhombus Wiose diagonal PG bisects th^ angle determined - 




a or 



1^ 




^ + , and any 



by 'a and "5 • vector from P to G Is then ^ 

vectot along It^ say froitt P to T , can be represented by a scalar ^arultiple. 



'I 



Nov suppose r is the ratio • Since the vec^r from R to Q 

is Ca - c) > the vector from R to T may be esqpressed as r( a - "c) , and 
t^iat from T to Q by (l - r)(a - "c) . We may vrite 

'^=c + r(a-c) 
» + - "c) , or ' ^ 



I a o 
and obtain k I 



Equating the corresiK>nding coefficients, we have 



4- -iL- = ra + (l - r)? • 



— = r and ^ 1 - r . 



it follows that 



a . 



hence. 



* . ' Exercises ^-3 

1. Give a vector proof that the diagonals of a parallelogram bisect each 
other.... . . 

2. Prove by using vectors that a l^ne segmefit vhich Joins one vertex of a 
•parallelogram to. the midpoint of 

an opposite side passes through a 
point of trisectipn of a diagonal. , 

in the figure.) ProVe also 
that the diagonal AB passes ♦ * 

through points of trlsection of 
OX and OY . 

Rework Exanple ^ for the case in wtiich the origin la selected to be the 
point A . Does this choice of origin 8implii> the proof? 
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k. In parallelograi& QfiBC , OP intersects AC at Qc 




Exercises 5 to 10 are thebrems from plane geometry which you are to 
prove by the vector ifiethods illustrated in the exaiaples AB#iis section. 



5. If two medians of a triangle have. e(jual length, then the triangle - is 
isosceles, , ' . ^ 

6. The median to. the base of an isosceles triangle is perpendicular to 
the base. 

7. The line segments joining the midpoints of 'the opposite sides Of a 
, quadAlateral bisect each other. 

8. The line segment joining the midpoints of ^tvo sides of a triangle is 
parallel to the third side an'd has| length equal to HDne-hfidf the length 
of the *third side. . " V5: 

, 9- An angle inscribe^ in a semici^le is a ri*ght angle. 

10. The bisectors o^ a pair pf adjacent supplementary angles form a 
right angle* ' >^ ^ 

11. and F are midpointj/ of MBC , as shown. Let the Vector from 
A to D be a , the vec;tor from 

'B to E 'be b , the v^tor from 
C t6 F be . Prov/e thajfe 
"a 4: b -f "c := 0 ^ ^ 




k^km Proofs Using Polar Coordinates . ' 

Polar coordinates useful in many applications, parti/cularly if the 
problems involve rotations, or trigonometric functions^ 




se. 



The following exainple from trigonometry illustrates on 

Exaigple 1. Show th^t cos(p - ^ c^s^ Qt V sin sin a • 

I^t /_ ct and ^ 3 be as shown in 
Figure ^-l^. We select points B and * 
C on the respec^tiv^^ terminal sides of 
the angles and let d(-B,C) - a , 
d(A,C) ^ b , and d(A,B)= c . Ttie 
distance fonnula 'tells us that ' 

;<1) - x^)^ + (y^ - y^f . 




■.V 



\ 



Now if we convert from rectangular to polar coprdinates 6utlined ^ 
Section 2-5, Equation (l) becomes *' . 

a - (b cos 3 - c cos a ) + (b sin 6 - c sin "a ) • 

Expap^ng the right membeY and„ applying the identity sin" © + cos" Q ^^'1 ^ 



o^^^>5in 



(2) a'^ = b + c'^ - 2bc(c08 R cos a + "sin p ^sin a ) 

* 

Noting that the measure of /BAC ^ p - a and comparing Equation {?) vrith . 
the Lav of Cosiries for AABC , we see that ^ J\ * ^ c 

Wds( P - a ) cos P cos a + sin P sin^ a • • 

As ITdV the next^ example, it is uniikeiy that anyo/ic voul^d chposc this 
kind of proof v^en pthcr proofs are available, but nevertheless, it may;fbe 
instructive to look at one demonstration of a simple f^eometric proposition 
using polar coordinates. *^ 
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"K^s^n^le 2. . Prove that the median to the base of an isostj^eles triangle 
bisects the vertex ajigle. 



^onsidfer Figure 4-15, In which 
AC = ^ . In order to describe tt^ 
angles in question, we let C be ; 
the pole. We also let D , jthe jnld- 
jjolnt of AB , life on the>polar axis, 
Without loss of generality, we have 
A = (r, , B ^ (r, p) . We must 
prove a = - 3 , 



B(f.^) 




Air, a) 



Figure 

To 8iii5>lifV the notation we shall lef d(c,D) = f and 



d(A,D) = d(B,D) ■=? g . Applying the Law of Cosines, we have, 
in iSBCD , 



2 2 2 
g = r + f - 2rf cos $ , 



and in MCD , ^g^ + f ^ ^ 2rf cos a . 



We see then that cos a = cos' . Since 0 <^ a < - and 
n 



^ < P < 0 , this, implies, a = - g 



4-5. Choice of Method of Proof s • 

It is time we paused to survey ilie variety of problem- solving tools 
which are now at our disposal. We have a choice of. three basic systems 
—rectangular coordinates, j^olar coordinates, and vectors; within each 
system we have different representations to suit different purposes. But the 
quiestion upperiTK)st in your mind at the montent probably is, "How do ];j3ecide 
which method is the bestv one to use?" 

The question does not have a simple answer. Some problems are best 
vorked by one particular method,- othe^^^^roblems seem to be approachable by 
any of these methods, and some problems appear to be impossible regardless 
of what we try. 
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Hpwevw, there are certain guj-dellnes may help us. 

(l) Try to decide ugon a coordinate system vhiph Is appropriate to the 

probl^ Think over vhat is knovn about the problem, or vhat is to 

be proved^ or \rfiat kind of answer' is required^ 

' ' '■ * ^ 

(a) Distanced between points, slopes of lines, and Mdpoints of. 

segments are easily haadled in rectangular ccx?rdinates; 

th'erefo:ce, when piese ideas are present, you should try to 

' fit xectangular coordinate ^es to the problenu 

.(b) If the problem involves angular motion or circular functions, ^ 
it would be wise to look at the possibilities of polar forms. 

(c) Vectors are quite versatile and fit a wide range of conditions. 
Concurrence, parallelism^ and perpendicularity of llijes, as 
, ,>Jell as problems of physical forces, are situations ^fyXQh inlght 
lead you to *choose^ a vector * approach. * . . 

,(2) Make a drawing relating .the known facts of th^' problem to your 
' - choice of method. Much time and effort may be saved by a reasonably 
acciiirate drawing. This not only helps to relate the parts of the 
problem, but it serves as a check cjp'the calculOTed results. 

(3) Choose coordinates or vectors so as to simplify the algebra. Take 
advantage of all the given infbrmation at this stage, but be careful- 

> that you 'maintain generality where it is required • 

(4) Watch for opportunities to use parametric representations. This 
may be something new to you, but you will observe frec^uent cases 

' in succeeding chapters In which this special method will simplify 
troublesome problems. ^ • - . , 

(5) • Work many, many problems. It also will help if you try to. solve a 

given problem in several different ways. , In this area of mathe- 
* ' matics, experience is probably the most valuable asset. Sometimes 
* a choice of method can be explained only on the t^asis of experience. 

(6) After you have completed your solution^o a jiroblem, it is wise 
to look back over your wo^^. You may see an unnecessary step you 
can eliminate, an unwarranted eissumption you should just^iV, 02* a 
general tightening up you accomplish. In any case, you gain a 
new perspective on your work which increases your understanding and 
appreciation of what you .have done. 
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" . ' ' • Revlev Exercises^ 

"^^ ^ — ^ • 

For Exercises 1 to 10, first choose a coordinate cyst^ vhich you think 

Is appropriate for 'each theory and 'then prove the theorem accordingly. 

Wie midpoint of the hypotenuse of a . sight triangle is eqiildistant from 
the* three vertices of, the triangle. 

• The locus of the vertex of a right angle, the sides 6f vhich pass 
through tvD fixed points, "is a circle,' ' " ■. * 

3* The diagonals of a rectangle have equal length. - \ 

^. Shoy that the sUm of Ihe squares of the lengths of the sides of 
paratLclograin is equal to idle sum of the squares of the lengths of 
its diJH'^onaLsi 

5. Bie line se^ents Joining in order the midpoints of tHe successive sic 

■ *.i ■ 

of an isosceles trapezoid "form a rhombus* ' " 

* 

The line segment Joining the midpoints of the diagonals o:' a trapezoid 
is parallel to the bases and has length equal to one-half \jthe 
difference of the lengths of the bases. . 

?• If lines are drawn through a pair of opposite, v.ertices of a parallelogram 
and through the midpoints of a pair of opposite sides in such a way that 
the lines intersect one of the diagonals In distinct points,* the lines 
are parallel and the diagonal is '^^isected. 

8.. The perpendicular bi^"ecto;rs' of the sides of a triangle are concurrent' * 

' * in a point that is equidistant from the three vertices of the t^angle. 

* * / * * 

9. If two sides of a triangle are divided in the same ratio, the 

• ^ segment Joining the points of division is paraliel to''1bhrtHi?d' side 

• . and is in the same r^tio to it, . 

' . ■ J 

10. Show that the vector Joining the midpoints of tvo opposite sides of a • 
vector .quadrilateral is equal to half the vector sum of the other tvo 
sides, - ♦ • » . ■ 



1S3 

15T 



le* In the fqjj-o^ng fi^ur^j; 
t - A 





OABC , DAEF , and HFGC" are each parfl^-lelograms. Prcxye that ihe 
j^^^^^^^ctive diagonals, of thp 'parallelo^flms OB , ^ , and ffiJ 
^ ' extended as necessary, meet In a single point X,. . / 

13; In parallelogram 'OAGB , let P 
and Q be poinjs on fli4^a^&si AB 
such that d(A,P) = d{B,Q) Let 
GP intersect W at i , "and let 
^-intersect §5 at y'. 'Show 

, i^at H I I Hi • . ' . ^ . 

' ■ ■ ■ t ♦ ■ 

14V Provj? that the surit of »the squares of the 'lengths of the eides of a 

quaariXateral exceeds the sum of the sciuares of the lengths of its ^ ' ^ 
diagon^s by 4 tlpes the sqiiare the length of jtKe line segment v 

that Joins the mj-dpoints of the diagonals. ^ ; 

■ ^ ,1 • ■ * 

^5. A band of piratqs buried their treasure on an d^land. ,They cKose a ^Jpot 

I at which bury it in the foUowl^ manner: Nfear i^e shore there ve3*€ 

tiro large rocks and a large pine" tree. One pirate sxarted 6ut from one 

*ro;ck alon^ a line at right angled to the linePbetween t^his rock- and the 

. tree. • He inarched a distance equal to the distance between -t^i* Tock and 

the tree. .Another pirate started out Crom the second rock along a line 

-J ^ ' \ 

•^t righ^ angles to the line between this setond rock and ^he tree and 

marched distance equal tO' the distance between thi^^rock an^* the treie\ 

The rept of 'lihe band of pirates then found -the spot midway between 
these two an^ there buried *the treasure. ^ " ' 
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, Many years larter, these directions* came to light and a palrty of, 
treasure- seekers sailed off to fj.hd the treasure. When they reached the 
island^ they found the tvo rocks' with no difficulty^ But the tree had 
long since disappeared, so they did not know how to proceed^ All seemed 
lost*till the cabin boy, who had Just finished his flreshmarl year at Yale 
spok6^up.^ Rem^bering the anaOytic geometry he had studied, he calcu^ 
lated where the tf'feasure must be, and a short spell of digging proved 
him correct. Haw. did he do it? 
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Chapteir 5 
GRAPHS THEIR EQUATIONS 



Introduc^^ion 

In Section 2-2 we discussed setB^f points arid their analytic representa- 
tions. OJie relation between the two^s at the hSfcrt .of analytic gecm^try, and • 
we shall review fhe f undaaent sl " g b id fins J^riefly hje»/ We confine the discus- 
sion to the plmiQ, but the extension to space is^!mediate. Tt\e sets of points, 
will frequently be, the geometric figures we met earlier, and the analytic re- 
presentations will usually be given in algebraic^ or trigoncmietric forms that 
we have met before. . We propose to relate these ideas with the hope th®t your ' 
competence and appreciation fqr their use will qotitinue to grow^ 

Let S be a set of points in a plane with a rectangular coordinate sys_- 
tem. Let- s(x,y) be an opep sentence involving two variables. Let S con- • 
sist of those jpoints (a,b) of the plane such that s{a,b) is true. Then 
we say S is the *locus (or graph )/ of the condition s{x,y) , and s(x,y) is * 

The /plural bf "locus" is "^oci'^ (if Us pro- 



's condition for the set S 
nounced as though it Ve^:-e sj^iled "low-sigh**. The rectangular coordinate 
system in the plane could be replaced by any other coordinate system appro- 
priate to the problem and to the space ip which we are wording. *The choice 
of a coordinate system determines the "language" . in which the open sentence is 
• stated. We shall often be concerned with the limitations of a partfft^ilar 
language, and tihe details of the^ translation from one language to another. 

Some of ycai may bejisp3r^o a different way of talking about the matter. 
In the SMSG Geometry there is a discussion of characterizations of sets. A' 
condition is said to characterize a set if every point^J^the net satisfies 
- the condition and every point that satisfies the condition is in the sot. The 

condition^, we are chiefly interested in here are analyt;ic x'onditions (condi- 
' tions on the coordinates of points), whereas in Geometry the conditions were- 
V stated ir^ geometric teriiis. 
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litions for Loci ot Graphs, and Graphs of Conditions 



diseuBElon ahove is quite general, but in practice the conditions 

^ter.most ate equatioi^ and Inequalities. For example, we define the 

graph of an equation (inequamy) in x and y to be the set of points whose 
coordinates satisfy the equation (inequality). Thus the locus of the equation 

x^ 4 y^ = U is the circle with center /0,0) and radius 2 , while the locus 
of the inequality xy < 0 is the set of points in the second quadrant or in 
the foi^;th quadrant. Using set notation these two loci can be expressed as 
follows : - * , 



* {P - (x,y) : x^ + y^ = h) , 
^ (P =■ (x,y) : xy < 0} . ' 

Using the sai^ notation we can express the loci of the equation f{x,y) = 0 , 
*aud the inequality g(x,y) > 0 as follows: 
' " • {P = (x,*-) : f(x,y) = 0) 

. . {P = (x,y) : 6(x,y) > -O) . ^ 

r . \ 

We now take up tie probl'e© of finding an analytic condition for a set of 
points in a plane, liere is no routine procedure for doing this, but the 
following advice may be useful. . . m 

First a word about the choice "of coordinate Systems., .When the terms of 
t^e problU leave you free, think carefully about the coprdlnate system to 
use. ScHne curves with complicated equations iti- rectangular coordinates have 
nice parametric representations, /fn equation in rectangular, coordinates for 
.a- certain curve may be simpler than it is otherwise if . a coordinate axis is an 
axis of symmetry. A circle of radius 3 has a simple equation in rectangular 
coordinates if its center is made the origin, a still simpler equation in polar 
coordinates if its center is chosen as the pole* 

5 Following common usage we will use x and y for rectangular coordi- 

' natete, and r and 9 for polar coordinate^. We will also assume in each case, 
unless otherwise specif led,' suitable choices of axes and units. Only with these 
assumptions may we speak about "the" locus of an equation. Without such assump- 
tions an equation may have several quite different graphs, depending on our 
' ' choices of coordinate systems. These matters will be considered more fully 
later, particularly in Chapter 
' After choosing a coordinate system we can attack the problem. We start 

With a given set of points. T^ese points are not given to us in a basket butr 
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instead are dertemlned by sca^ gecmetric? condition, ^fc are looking for eui 
equivalent condition in terms of the coordinates of points. -^I^t us IcKdc at 
what we do in several exansples. 

Kxang)le 1. We describe t:ertain sets of points of the plane. You €u:e 
asked to give analytic descripticm of each set. 

(a) All the i>ointsC of the x-axis. • . 
Soluti on, {P = (x^y) : y = 0) . 

(b) All the points above the x-axis. 
^ Solution , (P ^ (x,y) f y > 0) . 

(c) All the points odj^the plane except those on either kxis, 
. Solution . {P (x,y) : ^qt ^ 0) • 

(d) The midpoints of * all line segiEeats in the first quadrant which, with 
the coordinate axes, form a triangle, whose area has a measure of 12 
squai^ units. 

Solution , If P = (x,y) is one such pointy the endpoints of its 
segment have coordinates (2x,0) and (0,2y) . . The ' triangular 

region will then have area i(2x)(2y) , which must equal 12 . We 

have the simpler equivalent relationsTiip xy = 6 , The graph of 

this relationship contains points in the first and third quadrants 

* 

but we want only those with posi"W.ve coordinates, ISius, our answer 
io (P - (x,y) : xy - ^ , x ;> 0 y > 0) > 

Exaii^le 2, Find an eijuatio^' in rectangular coordln^es of the locus of 
all points equidistant', f^pan tVo*cti^tinct pDipts. 

Solution . Let the x-axls be the line through the two points and let the 
oi*igin be the midpoint of tt^e segment deteltained by ^ them ^ Then the two points 
are (a,0) and (-a,0) ♦ Let (x,y) be any point in the plane* Then 'the 



/ 2 2 

distances to (x,y) fran (a,0) and (-a,0) a3?e /(^ - a) y^ and 

/(x + a)^ + y^ , respectively. T^^point (x,y) belongs to our locus if and 
only if these two dist6h«e6,.areequal, that* is^ if and only if 



(1) I Ju^^f + y^- /(x a)2 + 



2 



y 



Eapl^l 



Thus (l) is an equation of the locus, (l) is, of course, not the slmpl^t 
possible equation for the locus. What is, and how can you get it frcM (l) I 



Example 3* We present some "^y^alytlc. descriptions of sets^ of points of the 

plane. DescrllJe these sets loi ordinary Btiglish* . ^ 

(a) (P - (r,e) : r > 5J . ^ ' ' ' ' . , . 

Solution, All pointy outside a circle -whose center, is at the pole ^ 



. and vbo^e radius Is ^ * 
(b) <P = (xjy) : |x : 3j - 7} . 



• Solution. All the points on two parallel line^.* Wiese lines are 
parallel to the line x ==^3 , and lie one on each side of it and t 
units av^# 

(c) {P - (x,y) : xy + 2x - y > 2) . 

* Solution.^ iJiija Inequality may be written xy + &c y - 2 > 0 or 
(x ^ l){y 2) > 0 . IhiB statement will be true for values, o^ x / 
and y such that either: ^ v» 

X - 1 > 0 and y + 2 > 0 , or x . - 1 < 0 .'sljiA y + , ^ < O ■ 

that is if either < - . 

X > 1 and- y > -.2 ; or x <:i and y > -2'- . 

Hhe polrits we vcmt lie in two / 
"quadrants"^; as iriidicated ^n 
^gure 5-1 ♦ ^R^^ graph does 
not include the "bounds^rles of 
'the regions. How could yoM 
change the analytic deserip- 
tions of the set to include 
these boundaries? 
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l)^ (P(x,y) : fx + li < 3 and |y l| < ii} . 

Solution . All the paints of a 
rectangular region, with center 
at the point (-1,-1) Hie 
region is 6 \mits wide and 
does not include the vertical 
boundariejs; it is 8 -*units 
high and^aoe^ include the 
horizontal boundaries. It is 
pictuited in Figure 5-2, We 
note that tlje corners of the 
region are nkt points of the 



(e) 



•A* 



i 



V 




\ 



Figure 5*2 



rj- 5.0| < a} 



Solution , m^e siet of points 
of the annular r^egion between 
two concentric circles center- 
ed atHhe pole* The inner 
circle has radius and 
the outer circle has radius 
5.1 , but neither circle is 
part of the locus, which is 
illustrated In Figure 5-3. 




^ mmm ^ mm ^ 



\ * • . Figure 5-. J 

• : ' We' have been using set notation because we wanted to be perfectly clear. 
Hereafter we shall be less formal. We might state the problem of Exercise 
3(e): Describe and draw the graplt of |r - 5-0| < .1 . 



Example Find an equation in rectangular coord! natter, ^or the loc,u5 of # 
all points which are equidistant from 'a given point F and a given line L . 



Soli^tion , The gecanetric condition for the Ipci^ defines a pararola, vhose 
equation we now derive from the condition. With this Ui mind wc let the line 
through F perpendicular to L .be the y-axis, with the origin at the midpoint 
of the seginent determined by F and the point wh^re the perpendicular 
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5-2 . 

intersects L • (if P is in L , we 
pick F as the origin and leave the 
further details' in this case as an 



exercise.) Finally, we let tl^e 
y-coordinat^^H^ F 



'f be ^ 

p > 0 • ^Then F = (O,^) and. L Is 



be £ , %Aere 



1^ 



the line ' y j - ^ . 



Let P = (x,y) he an arbitrary 
point in the plane. Then the things 
talked about in the geometric condition 
^re the distances from P to F and 
to L . Using the distance fomula ve 
find that the first of these is 



. y 






f 


V F 
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Vx + (yy- . The second i 
P 



Hence 



V • ''''' ^--u.... xo Y'LZMTB 5^4 

The geometric condition says these two distances are to be equal. 



(2) 



/x^ + .(y - |f = |y +.|! 



Is an equation "for 'the locu§. This is a complete solution of the original 
problem, b\ft a simpler equation can be ^ound. If ve square both members of 
and cc«nbine tenas, ve get the equation 

V ^ - 

(3) . ^' = ^'"py * 

There remains the ^question" of whether (a) and (3) are equivalent. 
The only operation ve have performed which might hav^ caused trouble was the 
^squaring of both sides. But any point on thQ locu^ of (2) is on the locus 
^ of the equation dbtained by squaring both members of (2) , and hence on the 
locus of (3) . That the reverse is also true can be shown most simply by 
considering a more general problem. Let (a,b) be a point on the locus of 

(f(x,y)f = (g(x,y))^ , so that (f(a,b))" ^ (g(a,b))" . Tl^ 

f(a,b) = i g(a-,b) , Nov suppose., further, that if (x,y) ds in the dc«[iains 
of f and g , then f{x,y) > 0 and g{x,y) > 0 . We cannot have ' 
f('a,b) =r -g(a,b) unless both are zero, and hence f(a,b) = g('a,fc) Thus 



#(f(x,y)j^'= (g(x,y)J'' and f(x,y) - g^y) are equivalent equations. This 
result settles our qti^sti^n for us, since both members of (2) are non- 
negative for all X and y • 
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Example 5 * A Coast Guard cutter, searching fo:;- a boat iti distress , 
, travels in a path with the property that the distance (in miles) of the cutter 
from its starting point, 0 , is equal to the radian loeasure of the angle gen- 
erated hy the ray frcsm 0 to the cutter. Find an equation of the path ±n a 
suitable coordinate syBtem. (Assume the surftLce of the ocean is a plane.) 

Solution . Ihe description of the path suggests that we should ixse ^^issf 
coojrdinates, with 0 as pole and the polar axis in th^ direction in whiah the 

cutter is heading when it starts its search. If we do tMs we get imaediately 
the function defined by the equation .r = $ . {By choosing the positive direc- 
tion of rotation properly we can make . 6 'positive.) .xa^ 




The path is a spiral* - ^ " 

If we use rectmigtilar coordinates we- get a much more complicated equation. 
Furthermore, no matter how ve choose the axes, the equation does not define a 
function- Can you explain why not? 

Related PolagM^^ations, In writing an analytic description of a set of 



■ points we may use to our advantage the freedom we have in choosiYig the type of 
coordinate systeip, the placement of the axer. , and the units- In the case of 
polar coordinates there is an ambiguity imposed on us by ,the fact that each - 
point now has infinitely many pairs^ of coordinates. Thin maker, some ma-ttejrs 
easy, and some difficult. If a moving point tracer, and retraces itr path in a 
recurrent pattern, a polar equation for the locun can repror.ont thin pattern, 
since (r,e) and (r,e ^ 2nn) are, for integral values of n*^,, cborainates 
for the same point. On the other hand, since (r,e) anSv^-r,e + n) are 
also coordinates for the same point, we cannot avoid a certain ambiguity in 
writing equations of loci in polar coordinates. A point 

^ curve represented by the e«[uation r ^ f(9) alno has the cpordinater, 

i 
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(-rj^ , ®1 • substitute the latter cCK)rdinates in the equation we 

obtjQ^ii|the equation -r^^ = f(0^ + n) which may be written = -f(6^ 4- jt) . 
Itifii^t^^l^every point of the curve represented by r = ^{6) is at the seune 




tii|ig a^J^ti^ of the curve represented by r = -f(e + n) • We will caill these 

r - He) , 



eqjiaticms^ 



• ■ • \ 

* ' r . -f(e + ») , 



related polar equations for the curve. In some casezi thesle related polar ' 


equations are. quite different in appearance and it takes seme experience to 
recognize that they represent the same curve. On the other hand the related 
pplar equations may be identical/ ' ^ . 

Example 6. The related equation for r = 5 sin 0 is ^ = -5 sin(© ^ n) 
^ -5(-5in 0) =: 5 sin. 6 , and "1^ th^ same as the original equation. 

Example 7. Tlrie^f elated equation for r = 3 tan 0 is 

r ^ -3 tan(0jf^- n) - -5 tan 6 , and is different from the^ original equation, 
f 

Example 8. The related equation for r - 3(1 + sin 6) is 
r - -3(1 + £in(e f n)) - -3(1 - sin 6) - 3(sin 0 - 1) ^ and is different from 
the original equation. ' • - 



Example The related equation for r = 5 is r , and is different 

from the original equation. ^ 

Because the corrcnpondencer; between points and their polar coordinates and 
between sets of points and their repre£r',entations in polar coordinates are not 
unique, We must define iho graph of a polar equation to be not tfie set of 
points whose coordinaten satisfy that equation but rather the set Of points 
each of whlc[i has same pf.ir,of coordinates that satisfy the equation. 



■ i Exercises 'j^:^ 

/ 

For each of th<? followlni:;, write ap equation or ert,atement of inequality 
"of the locus of a point whicfh satisfies the stated condition. Use bhe co- 
ordinate system you think appropriate if one is no^ Specified. If you use 

pair of related^ equations in each case. 



polar coordinates , ' gi,ve the 




5-2 

1. . A point 3 units above the x-axis. 

2. A point 5 units to the left of the y-axie. 
3* A point equidistant frcsa the x- and y-^axes. 
k. A point twice as far from the x-axis as it is from the y-axis. 

5. A point a units from the origin. - * 

6. A i)oint^^a units, frcmi the point (3^-2) . 

7. A point equidistant froa (3,0) and (-5,0) . 

8. A point equidistant frcsa (2,3) and (5,-^) . , , • 

9. A point equidistant frorf the. lines with equations x + y - 2 = 0 and t 
X -f^ Py + 2 ^ 0 . 

10. A point whose distance frm the line 'with equation x + 2 =: 0 is equal 
to its distance from the point (?,0) . ^* 

t 1^. A poin-^whose distcuic? frcan the line with equation 2x^^y4-2 = 0 is 
equal to its distance Xrom the point (2,-l) . 

12. A point the sum of whose distances frcan the points ;^ (^,0) and (-^,Cf) 
is 10 . ' . ' 

A point the difference of whose distances from the points (^,0) *and \ 

/ 

(-1^,0) is 6 . . ■ _ - 

V • ^ ■ ' • f ' . ■ 

\ll|.v A point the ratio of whose distances from the lines 2x +sy - 4 =^0 and 

3x - y 4- 1 = 0 is 2 to 3 . / 

-I . , _ 

l'^. A point that is contained in the line through the points (-1,2) and 
(5,7) . 

16. A point, the product of whose distances from two fixed points is a con-- 
stant. (This locus Is called Oaesini^s Oval; it vas studied by Giovanni 
Domenico Oassini in. the la^ seventeenth century in connectiort with the 
motions of the earth and the sun. ) ^ • 

17, " A pofht within 3 unii^s/distance from the x-4L3^s. 
icu A point at leant units distant from the origiii. 

19. A ppint no more than 1 unit from the y-axis. * 

20. A pbint no more than ? units from (1,3) * 

21. A point po nearer to the origin than it la to the point (0/3) . 
A (point no nearer to the origin fhan it ia to the line y ^ h . 




ERIC 



i<'9 1 74 



23.^ A point nearer to thfe origin than to any point on the' line x = 10 . 



2k » A point between the lines x = 6 , x = -6 , 

- • 4 

\ 

25. A point within a circle with its center at the origin, if the radius is ■ 
"8 inches t 1-^ (Note: This notation, frequently seen in drawings 
and applications, means here that the radius must be at least 7.92 inches 



long, and at most* 8.08 inches long. We scnnetimes say that thpre is a 
'^tolerance" of 1 ^ of the stated dimension.) 



5-3. Parametric Representation . ' , 

J ■ *. ■ * ■ 

' In describing physical phencwnena we customarily simplify matters; for 
example qar on the road becomes a point on the line. In describing any 
motion it *is , convenient to say when, after scmie given instant, a paxticular 
event occurs.*. Thife is indicated by a value of the variable, t . If the : 
motion- takes p^atie in two or three dimensions its «ialysis my be made easier 
by considering one dimension at a time. With a rectangular coordinate system 
we4my then describe that part of the motion parallel to^the x-axis (the 
x-c5nponent) by indicating how it alone changes with respect to time, say 
X ^ f^ t) . Similarly we may have y = f,-,(t) . Such a set of equations, in* 

which the two components" of the motion, that ir.,' thejvaluas of the two vari- 



ables 



and y are given in teiw, of a third variable 



uas 01 t 



an example of 



what is called a parametric representation of the m.otion. 



It is interesting 
3 



^ note that the tracking of satellites is actually done in'^this way. 



Example 1. Two i*.trudentp observe the motion of a i^all rolling down a 
tilted plane. The plane bar. been coordinatized at) indicated. In this illuf 
tration, as 'in many physical problemn^ " . 
the variable *t , representing time 

elapsed since a given instant, is ur>ed - ) ^ - 

as ^a parameter or auxiliary variable. 
The use of a parameter iu often of 
great value in simplifying the presen- 
tation and r^olutlun of physical problems.^ 
In r.ome problem^' it may be useful to use 
two, or even more, parameters. ^ 

One student finds that with si^itable 
units he can detf^cribe the motion relative 




to the y-axis with the equation y - 3t 



Figure 
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He my have coine to this conclusion by noting with the use of a^stop-vatch, 
the y-coordinates of the points on the lines parallel to the x-axis crossed by 
the rolling ball 4n successive seconds. Kie other student, using the lines 
parallel to the y^-axjls in a similar vaj^ finds that he can describe the motion 

\ 2 

Illative 'to the x-axis vith the equations x = 2t . These are the parametric 
equations of the motion.- If we want to express y in tenns of x , we may 

eliminate t between these two equations obtain y = . Since t is a 

measuro^f elapsed time it is nonnegative, hence x and y are also non- 
ne^8.%^y€* Therefore, the graph on the xy- plane will be a ray of the line 

whose equation may be written y = ^x . 

Example 2. A plane, flying at* 120 miles per hour at an altitude of 
5000 feet, drops a package to the ground. Assume thSit the package remains in 
one vertical plane as it falls, and, neglecting air resistance, determinie its 
path to the ground. ' ,n 

» 

Solution, We must assume certain conditions. If, at the mc«nent of its 
release, 'the package-is moving forward at 120 mph (= 176 ft, per sec), 
then it will (irontinue to do so at the same rate, whatever its vertical motion 
may be. Under the stated conditions we assun^ that its vertical motion is 

IP 

described by the formula s = r?gt' , where t represents the elapsed time in 

seconds, g is the gravitatidnal acceleration in feet per second per second 
(which we shall approximate ae 32) , and s is the number of feet of free 
fill* 

k ' ■ • 

I 

We riov coordinatize the vertical plane, taking the point of releasee as 
the origin. The positive sense of the x-axis indicates forward motion, and 
the positive sense of the y-axis indicatec downward motion. 

' ' ' ) • 
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176 352 '\^g8 704 880 '10^6 1232 i4o8 I'y&k 1760 » 




Figure 5-7 



Note that the grid on which the locus Is, cirawn has been presented in a 
non-standard way, to make the diagram easier to interjiret,. As the packsige 
moves forward in space the corresponding point on the graph mpveo right and 
crosses successive vertical lines in succespive seconds, vertical lines 

m 

equally spaced becaus€^ ^the rfori^ontal motion is uniform: x ^ 176t . As 
tii& package falls the corresponding point on the graph moves down on the page, 
crossing successive horizontal lines in successive seconds. horizontal 
lines are not equally spaced because the vertical motion is not unifoimi^ but 
accelerated. The spacing waL:;^detenrLim:d by succes^^lve values of t- in the 

formula y ^ l6t . Tlic scale is the same on both axes, tkus the dia^am is. 
not only a graph of our locus, but also a picture of the actual path. 
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5-3 



\ 



If we had plotted points on a dif- ^ 
- f er ent grid, say the oAe to |pie right, 

in \Aiich the horizontal scale is diTfer- 
"ent from the vertical scale, then the 

graph would still he an accurate repre- 
sentation dt the relationships among 
"•the variables, hut it would not be an 

accurate representation ©f the path* 

Since we use the word path here in a 

special way, we define it to be the seK 

Off positions actually ofecupled by a % 

real object as it moves in real space. 

Clearly, a path may be represented^ by ^ 

a curve in a great nunj^^er of WQ,^l^by 

different cihoices.of coordinate systems. 

In many physi\^ problems we tsre 
concerned with the relative positiT5ns ^ 
of objefets as they travel on their 
re^p^ctiVe. paths. If the bat is to hit. the ball, it is jiot enough for their 
paths to cross, ^hey must oe at .the crossiiig point at the same^imc. Ships' 
paths may cross safely^ but a collision course wo^d brin^ them to the some 
point at the ^omc moment. Th§ captains of two ships at sea are concerned with 
■when and vhere\the ships, are closest to each other. When ve must consider 
time and position along a path, we nee^ some relationship involving these . 
quantifies* Th^se are most readily presented in parametric form. 



' » - * ' Exercijes 'j-'j . * * 

1. Refer to Example I and make (i chcu^t like the one below, showing the x 




Figure 5-^ 



• and y' coordinates for i.r]tef^ra.l vriluos of t from t \0 to t 
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2. Make a similar chart for Exanrple 2 of this section* 

3« ^ite parametric ^quati'bns for the position of u point P - '(x,y) wiilch 
• starts on the y-axis and moves across* the plane at. the rrilc. of [) units - 
a^ second, and remains always 2 units above the x^'axis|^ 

its' 
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Write '.gp^raii^tric equations for-, the position of a point = (x,y) whlch^ 
starts on the x-axis and moves uniformly on thei^plane the.jrft/e of 2 
units a .second, and remains always 6 unitq to the left of thp y-axis^^' 

Write parametric equations for the position of a goint F'- (x,y) ^ich 
Starts? at -the origin, goes through the.poirjt (3>^) ten seconds later, 
and cpnttnues to- move uniformly along line OP at "that same rate^' across 
the plane# Find rectangular equations for its locus. 

te J)ai?anie^i'ic equations for the position of 9^ point P<jp=.Ix,y) which 
; uniforraiy aloYi^ a line» across the plane, and takes 5 secQiMs to^ 
go^rpm (-6,1.)' to (1,25) . ' ' . . )' 

^ Parametric equations for the path ©f a point P ^ (j{,y) ^irc " x = t 
-y =• t""^ ^ vh?re t indicates tim6 in^* seconds* Discus^ tlte moticua of the 
^ point in ttie first f^ve ^econds^ Make an estimate, cprrect tg th^^ nearest 
'.I unit,, of the distance travefed 'in that time. 

A point P ^ (x,y) travels along the. fine represented by • 'By + ? = 0 
at' the uhiform rate oZ 10 units, per second and passer, through (1,2) 
when t = 3 , Write parametric equatichs for- its position at any time ' 
t .* -Find its por.i1:ion when t =^ 0 J whhn*^ t ^ 10*. 

A point P (x,y]P travels ^long the. line represented by. Px + 3y - 6^ 0 
at a uniform 'rate df 5 units perk^.econd and cros^s the x-axis at the ^ 
* time t = 0 . Write parametric equations for its position at any time 

A point P'^'txyy) moves* uniformly on, a* line across the plane, ^t goes 
through (a,C^ at time t \ and^. (e,d) at time t . . Write parametric 

"* equations' for its position at any ti-me t , . \ ^ 

V / 

"A point is moving along the x-axis^ its position af^ time t (sec) given by 
- .cos t , Be|^oi*e ycai do ^ny computation try to dosjiribe the way the 
' point Moves.- eof^ne f^nbtion 1?^ frequemtlff- associated with '-angles 

a^' rot,at:ion,^hut th|:>re is no such motion^ h«'re , We must now iise the 



^cor.ine as a particular real numf>er fmietion, "whone values, fo^j^Prr^c^ain 
0 <^x < l.^'O arC' given In 'Pal/le II. 'Shcr hea(ling "radian measure'' for 
that table indicates the,^6r>t Trequent but by no^meanf; the only Hse for 
a the^e trigondhdtrlc functions, ^teke'a,tatae for .the positions? of the ^ 
'point, fo^ji^o fiirstV^loi/ setoni^s, at one second intervals. How would you 
' find the position'of .the ppitit at the end oT oftc minute*^ one "hour? ^ 



' 12. 



'13. 



i4.. 



15. 



10. 



The vertical jtosl tlpn of . a point is giyfen by y' = 5OO - l6t * y 

repr|sents alt^ude in feet and t elapsed time in second's. Before you 
do any computation try to describe the motion of the point. Dp you know 
any physical inter^retatlpn of this motion? Make a iable of the position 
of ^lie pointy at. one second intervals, for the first 10 seconds. 

Refer to the previous exercise,, ajad answer the same questions for the 

relationship -y = 120 6kt- - l6t^ /' " ' ♦ " 

Refer -t^ 'Exerci^se 11', /Stltf anrsver- the 'saine questions ;f or the relationship 
X = k sin 2t , ' ' , 

m 

Refer to ]Exe^tis^e 11, and answer the same, questions for the relationship 
X ----'2 - cos t * , 

:ff ' the^^ints of Exercises 11 ajid 1^ were on the s'^atme :?i-axis, find a time 
and place §t which they meet, ' , / 



0 
% 



Parametric Equations of the Circle anc^ the Ellipse , - " 

» ■ ' ■ 

In many physical situate onr. an importa*nt role' Is played -by a fixed re- 
ference point, such as a soui*ce of li^ht or radiation -or ei magnetic '^ole. ' The 
associated phenonjpnk, somet^imes called focal or radial, can be dericribed with * 
polar coordinates or vectors. We should use the coordinate system, and para- 
meters which seem appropriate. When rotaXlonn are irivqlve}/! it usually 
helpful to use as a ^airameter, 0- the measure of the -angle of rotation from 
a fixed initial ponltion.. , • ; 

• • ' ' ' ; ^" . 

Example 1,. A point movers around a*clr(!lo at capi^tant. r-pt^qd, Vind analy-^ 

, . ^ 

tic -conditions for its path^ 

Solution : Suppone, as in the 
^(fiagreun, - the point starts from A and 

moves counter-clockwise. Its position ' 

\ 

at' any point V In p;iven by ^he 
rectangulo^ coordinafrr. (x,y) , Or the 
c'qu^valenti; (r cos 6 , rju^n 6) ; that 



y y 



r cor. 6 , 
r r.ln e . 



1esj[? arc parametric equations for a 



^^-•clrcle. ' , 
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We may* express the fact the point, moves around the circle vith constMit 
speed by saying either that it moves {Hong the circle at so many inches per 
second, or tfiat the radius W rotates about 0 at so many revolutions per 
minute. Of course, other units n»y be used. Bie first method of expression 
is important in mechanical problems involving, for example, gearing, belting, 
rimspeed, and so on. The second method of expressii^g constant, speed, which 
concerns the amount of turning done in a unit of time, is significant in 
.timing mechanisms r>uch as are^ used in autcxnatic washers, in lelectrical theory » 
involving alternating current, which is relateti to the positions^f a tuixii^igV 
armature, and-in the analysii of many other phenoa^na which are periodic, that 
'is, which rei^at in successive time intervals. ^ 

In this latter interpretation it i^s customary to use the Greek letter^ ^o) 
to represent the angular^velbcity , usually but not necessarily in t^rms of 
radians per unit time, ^us, if a w^eel id tumi-ng at the^^:^te of 300 
revolutldns'per minute, it h^s^aV ^OLgw!^ velocity of | (300)2jf radj^ans per 
minute, or lOir radians per second] that Is, ^ = 3C^r^l>m) , or co^= 6e)t>yf 
(radians/minute ), or o) ~ lOn (radians/second), , ' ■ 



If the point P has *constant angulaSr velocity 



CO 



then its 



I 

ingul^i 



position 6 is given by tot . The paEamettic equations above become 



X ^ 



r cos hi , 



y - r sin cot 



J' 



'J^iese are eljuations of the path of the point • 



r 



If we eliminate the parameter^by squaring the members of eachj equation and 



adding the' correspondljag members of the new equations we obtain 



2 P 
X -f^ y 



3' 2 ^ ? 
X -f y 




esejnts'the locus 
untj of the posi-* 



r'"(coD' cat ^ Bin a)t') , or x" -f y = r 
of the. path in rectangular coordinates and no longer takes ac 
tion of the point at "any p(Jrticu|j_ar Instant. . ^ ! . 

i ^ ■ ' . # 1 . 

j Example 1\ Two pointfe travel on the same ci^le, Uiey ^ tart at the sajae 

1 time frcmt diametrically opposite positions anS travel in opposite directions, 
I the firsTt at 2 rotations per -second, the secorid at 3 rotations [per jseepnd. 
! Find artalyt^ic gor\ditions for their paths^ ancj the ilmos and positlc^ns ^t which 



they coincide. 



So 



luti 



on 



. differ 



to FigJare 5-fX) If the flFsJ. point starts at 



A -l:r,0). 



and goes countt?rclOckvise, its equations are 
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r cos ^Ttt* , 

* 

y * r r -^in knt 

IS I 



If the second p<^lnt starts at B ^= (-i"*0) , and goes clockvlBe, its equations 
are : ' \ 

<^ ' / X = r cos(it - 6nt) ^ 

; I y = r sin(ir— 6jrt) . 

; If t 0 , the positidh of A is given by (r cos 0 , r sin O) | there- 

fore A. =5 (r,0) , afi indicated. At the same tii^ (t = O) , the position of 
B is given by (r cos it , r sip ir) ; therefoip B = (-r^O) , a^i indicated. 
As time elapses, the angle for the nation of A inqreages , vhile* the angle 
for the motion of ,B decreases . As A and B rotate, only* their angular 
•positions are changing, and the rates of these angular dlsplacen^nts are kn 
. radians per second and ^6n radians per second. At any ine'^ant the difference 
of these angular displacements is called their anguleur separation. It is 
cu<fi<3niary to give this angular separation as the least eujgl^ between the 

respective radii. to the points, Hius we use an angular separation of >^ 

radians rather than^ 13 -511 radians. . , . 

Since our two points start with iswi angular separation of ir , their first 
* meeting will occur when their cmgiflar displacements from their starting posl- 
tlons add- to, n j that is, when knt + 6iTt = tt ; , t - .l^^econd. Successive 
meetings will occur sifter this when^their additional anguliu* dieplaceinents add 
. to 2n ^ ^it , 6tt , ... , i.e., when^UitWf^t - 3n , ^ In , , i.e., 
when t t. .3 , .5 .7 , . . . . Biat is, they pass each other In .1 second, 
and every .2 second thereafter. ^ 

' , To find the corresponding positions, we need only substitute these- values 
rtof t in the equations Of motion. It is simplest to obtain first the sue- 
dessive angular pOisitions 6^^ ., 9^ $ • , ^or their passing points. 

\ ■ , ■ • 

. " If > t_ , e, - \hjt = 72° , , " - 

If * " . it^ = .3 , = ^-^^ = '2i6^ . V ; . , : \ 

If - ' - .5 63 = ?Tf - 360° . ' * ] 

The rectangular coordinates of these positions are. given, say -for r = 10, 
'-- by = {m'coh 12° , 10 sirt 72^) J Pp = (10 coa 2l6° , 10 sin 2l6°) j 



' Pj^.^ (i9(.309) , io(.9?i)) ; ^ - _(io(x.8o9) , ]^(-.588)) ; (10(1 ) , lo(o))'; 



- (10^ cos 360° , 10 sin 360°) .... These are equivalent 
2 V ' • • 



177 



1S2 



5-^ 




T 



• • • . * 



In usual rectangular forp> rounded to' hundredths, we have: 



f^. ^ (3.09,9*51) } Pp - (-a. 09, ^5.88) ;.p'^^- (10,0) ; ... . * • ' 

■ Example 3, (Refer ,t6 Example* ^J!, above.) Suppose, in the previous example, 
the points Btart as before but travel in the same direction, witli the same rates 



a^-befpre. When and where do they pass? 

Solution, The equations o^. motion are 



!x - r tfos ^Tft ^ 
and 



r = r cos(iT + Orrt" ) 



y ^ r sin knt ; ^ y - r i}in(if + 6irt) . 

The meetings (or overtakings) will take place now Ibien the difference of 
thei^ angular displacements >,is r'/n / kit , d-n , • The first s^eting will 

tak« plac^ when it + ^-nt V' if^t.sr Pit ; that is, when t, ^ .5 sec. After this^ 
successive- meetings v^Ill ocb^rt^ when n + ^^rt-'- hnt ^ hn , 6it , , .... ; 
th^t is, when t =r 1.^? 7 P. 5 , 3.t? , ... • To fin^/the corresponding angular 
positions we p^roceed as in the previous problem and find ''^ f-'^n p 

etc.; that is, all overtakings will take place 1 second apart, at point A , 
starting at the end of the first half-secfond. 



Exafaple ^. A point is rbtating uniformly on a circle ^•^j^adius a , with 
its center at ' the point (b,o) T Find analytic ^onditinnS" "Tor Its locus. 



Fjolutlon- Suppose the uniform angular 
vclo^-it^f, exprosr.cci in radiaru; per iiGcond, 
is CD . From the hypothesis and the 
diagram, we have 



/X V + 

I y - a s 



b' 4- a cos 6 f 



^- a sin 9 I , I y a'sin cbt , 



X 

y 



b ^ a coi\ a)t , 



These arc param^'lrLe equations for tho 
locus. Wie -first equations are pof;i^' 
tlonal only, tho second equ^ftJons rc^lat.e 
theije positions to time .a^|^^deocrii'e the^ 
path -gr*' the point. • 

r ' We may eliminate the parameters cd and -t . 




Ji nee 



a 



er|c 



COS cot , ^ ' Sin ODt , .' - 
f a 



r/a 



therefore, 

\ 

or 



2 2 
cos o^t 4- 'sin cjot = 1 j 



(x * b) ^ y = a 



IRiis last equationj^is the one usually g^ven in rectangular coordinates. It is 

an equation of the Ijpcus of <the point and takes no account of its position at 

any particular moment, 

• «■ ' 

Ttie ellipse *will be discussed in detail in CSiapter 7f but we derive now • < 
its analytic representation in parametric form. We st^xt with two concentric 
cirnles, the smallest that will enclose the ellipse, and the largest that the 
ellipse^ will enclose, as illustrated in Figure 5-^1- Suppose their radii are 
if and b with a > b . We describe now a way in which a draftsman can locate, 
as many points of the ellipse as he needs to draw ^ si^ooth curve through them. 
Draw an^O?*»^ through 0 j meeting the circles at A and B respectively. 
Through A psd B the lines parallel to the y- anji^^^fs^fcces respectively will 
meet at point of the ellipse. For all '< 
and y = d(C,P) = d{D,B) = b sin.0 . 
The equations dre < 

/ X a cos $ , • 

I y = b sin , 

We may eliminate * as follows: 




have X - d(0, c). = a cos 0 



— = cos 0 



sin * 



+ = cos 
^ b^ 



({^--f sin 0 - i 



or. 



X 

a ' 



a 

y 

7 




wlilch j.-s the niGual equation of an 



Figure 



ellipse in rectangular coordinates • Note that the parameter O used here Is 
not the anfrie between the positive part of the x-axis and the radius vector 
* OP to the point P ; that is, it iL> not the angle used in representing^ P in^ 
polar, coordinates. ' , v 

I • — „ 

It should be rdcogxiized that we Hitt^i^iAlect a parameter in various ways tu 
fit a variety of situations. 'Biere is never a \inique way to do thlu, so it i« 
. inaccurate to refer to ^*the parametric equations of Rather, we have 

"a parametric representation of *..."*with tlie understanding that ve'have flftle 



Bia^oiAlect & 



the choices of cohsianti and variables that best suit the hypothesis -and our 



plan of approach to 



■she I 



solution. 
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Exercises 5-^ 



1. Write parametric equations f or ^ circle of radius 10 and with center at 
the origin. . / . 

. 2. Write parametric equations for the path of a point, around the circle of 
Exercise 1. Assume that it starts from the 3 o*-Glock position and 
rotates ftlockwise at the rate of k revolutionQr per Seconds » 

'3- Write' parametric equations for the path of a pCint at the end. of the 

minute hand of a tlock during one hour. Assume the length of the radius 
to be 6 inches and that the point starts from the 12 o'clock position 
to which we assign the numbers 0 and 60 • Use minuteslas niea4^lres qf 
time. 




Write parametric/equations for a circle with center at - (H,0) and radius, 
i 3 . . . 

5- Write parame^i'ic Aquations for a circle with center at (0,6) and radius 

6. Write parametric equations for the path 0f a point moving around the ^ 
circle/of Exercise k, Assume^kat it 'Starts from its lowest point and 



move^ clockwise at 2 rps 



7... Wri/^e paranitric equations for the path of a point moving around the 
• ' c^'rcie of tpcercise 5. Assume that it starts from iti^ highest point and 
gloves counterclockwise at 3 rps . ^ 

Describe in words the motion of a point whose path has the parametric . 



ec^ations given below Assume ^t cjg^notes .elapsed tim^ in seconds, 
8« / X = ^ cos Ttt 




4 * 



y ^ h Bin nt . * - 

X ^ 6 co^ (jtt ^) , 

y = 6 sin^ (itt + ^ ' . 

iO# /X - 3 cos (jr - int) , 
=: Q sin in - 3nt) . 

11-. / X - .10 cos (4?- + IChrt) , 

y -. 10 sin +" lOnt) 
I It c 



er|c * 



l8o 



1ST, 



5 A 



12. / X = U -f cos*6jrt 
I y = sin 6jrt ♦ 



13. j ^ = cos 8jrt ^ 

I y « -3 + sin 8jrt . 

Xk^ / X =i 2 + coa-iatt ^ 



{ 



7^54- sin I2jtt ^ 

{ 



15. / X = a + t cos 2jtt ^ 
l y = c + b cos 2jrt , 

16. / X p + q(cos 2njrt - a) ^ 



/ X p + 

\ Y r T ^ 



q(cos 2n3tt - a). 

17. ^- The equations of motion of a point moving xmiformly^n a circular path are 

'/ X = 6 cos kn% , ^ {t in seconds) 

I \ y ^ 6 sin Uirt ^ 

(a) .Describe its motion in words, 

(b) Make a table showing the coordinates of the point at the times 
t V 0' ^ .1 , , #2 , . . p , 1#0 second. 

.(•c) A second point travels on the same circle in the same directioft at 
the isame rate, and start's at the same time, but from the point on 
the y-axis above the origin. Write equations for its motion. 
■ (d) A third point starts- at the same time and place as the first point, 
* but travdlB in the opposite direction at half its speed. Find^ 
equations of motion for this fhird point. 

(e) find the times afid places at which the third point meets the first 
*^point, as wa^^one In Examples 2 and 3,- - , 

(f) Find the times and places where the third point meets the second 
point . 

18. 'Kiree bicyclists, A , B , C are equally spaced around a one mile circu- 
lar track, (say at the 8 o^clobk, h o* clock, 'and 12 o.* clock positions, 
respectively), A and B , who go clockwise, can circle the track in t- 
3 minutes and h minuted respectively. C^, who travels dounterclock- ^ 
wise, can circle the tjrack in 5 minutes*' They start at the same moment. 

(a) Write equations of motion for their angular positions ^.pn the tradk 
♦at any time'V^ after they start. ^ 

(b) Find- and illustrate their positions at thte end of each of the first 
10 minute^. ^ 

' (c) Determine the fiV^ 5 meetings; who meet- when, and where? 
(d) When and where do all three meet, if ever? 
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^9. A. point Bt^2:ts at A (Figure 5-9) and moves aounterclockvisf at 2 rps. 
a' seconcypoint starts at position , which you are to^flnd, and, moving 
clockwise at the seune rate, passes tAie first point e^ch time they croas 
the y-a^is. Write the equations of motion for this second pointf " ■ 

20. Four points, ^ # Q r R # S are equally spaced around a circle (Figure 
*5-9), with P at the 3 o'clock position, Q |at tiie 12 o'clock position. 



at th^ 9 o'clock position, and S at the 6 o'clock position. "P" and 
. Q move^counterclockvise, R and S clockvise. TJiey start simultaneously,^ 
^nd all meet for the first time 10 seconds later at i^he 10 o'clock 
positidh^ ■ • 



• (e^) Write equations of motion for each point. 
. (b) When and where wi!bl all four meet tigain? 



5-5. Parametric Equations of the Cyclttid. / 



p5. para^ 



A curve frequently encountered in physical^ applications is the cycloid . 
Ve introduce it in an example." y 

* ' Example 1. -A wheel of raAius a feet rolls in a straight line* down"' a , 
flat road. Find analytic conditions fdr the path of a point P qn the rim of 
the wheel* * 



Solut'i.on. Some thing- -perhaps years of experience--suggents a parametric 



repxesen 



,\ati 



ion. 
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Let the line along wtiich the wheel rolls be the x--axls, smd let the 
origin be a point at which P touches the road. Let the positive direction 
on the X-axis be the directi'^^n which the wheel is* rolling. Finally, let <P ' 
be the radian measure of the angle through which the wheel has rotated since 
P touched the road, with 0 positive when the^ center of the wheel has a 
positive abscissa. Since the whe^l is rolling, not slipping^ the length of 
05 is the^same as the length of * T^ie definition of radian measure gives, 
this arc length as v^alS, Hence,. 

. / X = d(0,J) =r d(0,G/ - d(P,H) = ^ - & sin 0 , 
\ y ^ d(P,j) = d(C,G) - d(C,H) = a - a cos (J> . 

♦ We rewrite ^hese^fera^etric equations of^ the cycloid ' ' 

V / X •= a(J) - a sin ^ , . ^ ^ ~ - sin a>). , 

• ■ ( y :r a - a cos $ I y^= a(l - cos 1>; , 

If -the wheel were rotating at the rate of cd ^radians per second, then 
. 0 - atui Equations (l) become . * 



X,- acjDt - a"sin'a3t , 
y - a ' - a ooi" a)t> • 



# , Exercises 5*5 > 



I, A point P - (x,y) on the rim of a wheel w^th a r: inch diameter tracer, 
^t^- ^c^cioid as jj-^>;i}^ai.,Xrolls alonp t^i^ x-axls. Write parametric equations 

fnr tfie iccujj of P Find rec tangular , coordinates for P , correct to 
' terithi;, ccrrei3f onding t^ values^of 6 from 0^^ to j60^' at. intervals 
(JV _:,d^ . Ma^:e a ':arcrul J raving' of the (^raph. 



One. arch of a cycloid will Just, fit, inside a rectaj^o G units^ high. 
How vMe J^,J4^^x^^'^i-^\^)^^f (;nr>ose suitable axes ^an_^l therf vrit.f^ para- 
metric equatlorts i\)r the cycloid. ^ ^ 

A whocl vitti a t inch diameter In r-i.liiu^^'; along^^aT^no, ^otati:i^' 
tifTiea per ety.'on'l. ;t . -^'n 

(a) Cliooso a Guif.alla coordinate r^yslcm and write- paramo t ru: oqua^ . onr 
of tK^j motion of a point P ^ (x,y) on the rim. 

(b) Fl rrti rectanrular ^oor-Unate^^r for the pouiti^nr, of P at Mm^r 

(c) Filid tiic time and place at whi|K^ P i'ir:i\\. r^"ucne,G a hi^^h p'-'int on 
iti: path^ 



\ 
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An autcMotdle trfiiveling' aJLoug a straiglil and level road at 30 miles an 
hour has a wheel whose cAiter circumfereace is 66 inches. 

(a) MeOte an accurate scale drawing of -ofie arch of the cycloid traced "by-^ 
a point on the circumference. 

(b) Choose a, suitable c6ordinate syatem and write parametric equations 

t > r 

for the motion of a point on the rim of the wheel. Use a minute as 

^ 

1 

a unit of time and " 



3^- as an approximate value for ir *. 



Challenge Exercises for Sgctions 5^3^ 3-^ ^ 5 * 5 

(Refer to Figure 5-12^) If ,^as in the -case of a cycloidj^ we consider a 
wheel of radius a rolling down a straight flat road, we may consider tbe' 
p^th of a point P not on the 'rim, but along a radius "CF , at a distai^e 
of b * feet from ^he center; We distinguish" two cases: b > a ^ and r 

b <'a . The locus ^in the fir^t case, is called a prolate cycloid , and 

• • • 

'in the second case curtate ^ cycloid . Figure 5-I3, illustrates a case 

which lelMds to a» prolate 'cycloid^ whose parametric equations you are asked 

to find. A part of -bhe graph is shown in Figure 5-II*. 



\ 




Figure 5^13 
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Tiiis figure 43.1ustrates a case in which b ^\^5a . (Oan you find^the 
ordinate of the*point Q in which the graph \qut8 the y-axis?) The stu- - 
dent is urged to c'oasider^ the cases: b = 2a , b = Ipa , and to draw 
scane geheral conclusions. 

;aaie culJtate cycloid, (Refer to Figures 5-l3> 5-1^.) Find the locUs of a 
point P on the, radius CT** of a circle as the circle rolls' -along a line. 
d(C,P) =^ b ; radiujs = dfC,P7 = a , and b < a . Choose a suitable co- 
ordinate system and draw cui arch of the graph ^of a curtate cycloid for 
the case .a.= 6,b = 4. 

A circle of radius a- rolls^ without slipping^ on the outside of a 
circj.e of radius b . • Find an angtlytio representation of the locus of 
a point P on the outside circle. 

Discussion : We illustl^ate the 
case a < b , and suggest these 
relations: length of AB = length 
of PB , A a4> = be . 
C =\{(a -f b) cos e , (a +-b) sin 6^ ; 
the sum of the measures of 9 , $ , 

^ is i or 9o" 
2 • 

d(P,D) - a sin ^ ; d(c,D) ^ a cos 
We urge the student to experiment 
with -the special cases, a^-^ b , 

' ' 1. 



Such curves 




are called epicycloids and have { 
applications in astronc^ny and in mechanical fengineerrng. 
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>.x-(Ref«r to the preAous 'problem. )' A circle'' of fadius a rolls, without 
slippir)^, on the inside of a circle of radius b (a < b) . Find analytic 
representations of the path of a point P on the circunlference of Lhe 
inside circle. '"Such a path is called a hypocycloid> Itte student is \irged 



to experiment with the special cases a = ^b , a = , a = -^b . 



In both 



5. 



this and the previous exercise the student is challeiiged to on^ver thi« 

1 ' ' 

question without performing the experiment: If ^b , and ve make a " 

complete ci-rcuit, how mar^ tin^s has the smaller circie rotated on its own 
axis?^ ' ' ' " * 

A circle of radius a" has as center -C = (0,a) • A chord is drawn through 
any point D = ) pf the circle and extended to meet, .at Q ^ the 

tangent to^^eiifcircle at " " 
,eni of the diameter frbm 0 . 



A , -the 



QH 

is drawn parallel to AO , and a 
line is drawn^from B parallel 
to a5 intersecting ^ ^t 

p = (x,y) . Find equations of 
the locus of P as the^ point D 
moves on the circle. Sketch the 




Figure 5-^'!^^" 



locus. XThls curve, called the ^Itch of Agnesi , was studied and nan^d by 

/ • / ■> ' ' ' ' ' \ 

a mathematiciaij' of the eighteenth cerxtury, Maria Gaetana Agnesi.) 

6, Find an equa/ion of the locus 'of a ppini which mo^es bo that^he sum bf 
the square/-of its distances from two fix^d points is a constant, which 
2 ^ 



we cfell 2a 



Describe arid sketch the locuhi. 



7. Find an equation of tiie locus of a point which moves so tliat the sum of ■ 
the squares of its distances frtm the vertices 6f a square is constant • 
Ascribe the lo*cus. ' ^ " 

Find ap equation of the locus of a point w^ich moves so that the sum of . 
^ tfee squares ^f its distances from the lines containing the sides of a 
square is constant. 

9. ., A li-ne drawn parallel to the sjlde AB of' a triangle ABC , meets AC in 
D S5 in E . The lines ^ and ' W meet at ,P , Find equation 
of theiylocus consisting of all such points P • (Hint: Let AB* be the 
X-axis and let C ' (0,cj j where c > 0 • .Introduce, as a parameter, 
t , the distance between DE and the x-axis») 
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10. ^^et.* 0 and Q bd distinct points • Let L be a line through 0 and 

let P be "6he foot of the perpencjicular to L through Q • Wha^ is the 

locus of P as L rotates around 0 ? (Hint: Use the slope of L as 

an auxiliary variable Remember that some linei don't have* slopes . * Does 

? ' ' ■ ' 

Q lie on the locus?) ^ 

11. A ciroi^e of radius^ a .has its* 
diameter OGA-^tong the polar 
ajxis. From 0' a chdtd M is 
drawn and extended to meet, at S , 
the tarigent to the circle at A ^ 
Ffnd equations of the locus of 
P , a point oi\. OS such that 

^d(P,S) ^ d(OR) . Make a sketch of 
the graph. (iSlls locus, is a 
cissoid, a curve studied by the 

Greek mathematician Diodes, who lived a century oo: so after Euclid 
* may, learn something more about it when -you^tud^ il^e^sign later. 

12. A fixed line is perpendicular 
to the polar axis "aiT'poirit A , a 
urfits f r M the pole,. A line is 
drawn through 0' meeting' BC at 
R .t A fixed length ^ is marked 
off from R on thir, line in both 

• , direct Ions "loca'^ri^ the points P 
and P' . Find an eqiiatl^on in 



Figure 5-17 « 



•You 



golar coordinates for the loc-uc 
of ■ P '.and P' . (Tl|is curaq,.^ 
called a conchoid , wan studied by 
the Greek ^mathematician Nicomedei- 
about two centurien f^, C * It can 
be UGed^iri the trli^e'ction of an 

r 

angle^. Try to discover how,*) 
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Involute of the qircle. A string 
of no thickness is wrap|«i aipund 
a fixed circle: the end of the 
string is at A . We unwrap the 
string, keeping it taut, and tangent 
to tJ^^'Tdrcle. (f^ is tangent t^ • » 
Ui6 circVe, and d(P,T) = length of 
/AT)^ find anialfirtic ccmditicflas for 
^the graph of P . Ihis giraph is 
xsalled'the tiSVolute of the circle. 
Try to: generalize this idea, and 
sketch involutes for an ellipse,' 




Figure 5-19 
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a parabda, . \ 'Does every curve have an iftvolute? JJake sane o^chanical 
models with' which you can draw involutes. Draw t^e involute cM^ Bmaxe^ 

Suppose a fixed circle with, radius <a -is internally tangent to aj^ci 
with radius ♦^b (b > a) . ^Pind paranffitrie^ equations for ttH locusfof a 
point on the outer circle as the outer circle rolls around the inner 
circle without slipping. 
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5-6, I^arametric Equations of a Straight Line. ^ ^ ^\ * ^ 

Pea'ametric representation, which we found so useful In the' cooiplicated . 
caee^s of tlie previous sections cah be used to illuminate* and exten(J the dis- 
cupslon df the straigpit line. Seme of the exercises of Section 5,-2 ha^e 
already introduced you to the ideas ^d BKtl^ods we exitiaine no^ in more detail. 
The foundations for this discussion have already 'been developed in Chapter 2, 
particularly in Sectiqn 3, where we find these equations T * 

X = Xq + t(x^ . Xq)^,' V • • 



(1) 



{ 
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Wb recognize that the quantities x^^ - and y • •are direction ^ 
GuadJers obtcdn* from the ^rdinates of the point « '(x^yQ) 'and , 
. Pj^ = ix^,yj^f . ^BM&refore, we represent theja respectively "by . and ^ , and 

revrtte E<5iuafiton6 ^) as ' - ' 

' • • * . X = 'x^ + it , . ' % 

# • ' • * y = yQ mt . * 

We recognize rthat \ Is a parwaeter, and that these equations arp para- 
*. * . » * 

Bietflc* equations of the line throiigh the points ^Md P^. , \dilch we" assuM 

to be distinct • ^ , 
§ 

Xj^ = x^ , their y^ i/^q * f?) "takes the f ora ^> 



If 



•0 ' 



{ 



tWhat Is the geometric version of this hypothesis and exclusion?) 
" . ^ if y^ -= 'yn ^ ^1 ' (2) takes the for® 

' # ■ X = X + /t , , 

{ 

' ft- ■ 

(What iB the*g^anetric version of this hypotl^esis and concludion?) 



fccample 1* Find ^ parametric representation of the line ^tjirough (2,o) 
and {-h,3) • ' - 

Solution ; We dfln choose either point as P^ *. If P^ ^ (2,0): then 
X. - Xq = >^ '^l " ^0 ^ representation ' 

.i ty-o/3t • • ^ 

The o^er choice for P^ Ife^s to the representation 



-If + 6t , 



;y = 3 ^V3^ • ^ . . 
A jm'ametric representation of a line sets up a one-to-one cf)rre8pondence 
» betveen the ro^tl nuinbers and the points on a line in the. plane. We illustrate 
be^ow the co^espondences established by $he parametric represei^tations we 
found for the Jine in Exanqjle I. ' ^ 
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Pieure 5-21a ' * * Figure 5-21b 



Ebeang)le 2. Slnd the fntersection of the line throijgh (^,2)' and 

(2,-4) and the;line througl3| (-3i-l) and (-^',2) . • ' 

■ • - 

Solution ; The lines may be represented parametric aU^ as follows: 

!X « 4 - 28. jX a -3 - t , 
1 
y = 2 - 6s , , " »y = -1 + 3t . • 

We wisH to find all points \4iich lie on both lliies. Hov the.i^J^nt (x,y) 
lies on both line%if and only if there exist values Sq and t^ of 
ahd t suc)Lt^t ' • \ 



y .= -5 - = -1 + 3t^ . 

All such values' of s and t can be found by solvltig simultaneously the 
equations S. • 

, 2 - ^s = ^ + 3t , 

The only solut^o^s are s = 2 , t = -3 . Substituting these in either ^pair 
of parametric equations^ we find that the only point of intersection is • 
.(0,-19) • • ' • 

It TOul^d h^v^^een quite correct to use the saiae^ letter for the 
parpmet^ in the p^rdlietric representations of^ and *. ^^^y^ver, this 
would have led to difficulties later in the i)roblem. Do you s^'vfay? Can 
you find another method of getting aix)und the difficiaties? 



/ 
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In previous sections ,of this chapter we related the paramfiter t to 
elapsed tiae. In, such cases -^he parametric equations gave 'us equations of ' 
Aotion of the point -P . The grai^ of these equations vafe directly related 
to the"ipth of the point. Exai^ple 3 shovs hoV t^ approach Ire used for 
the line. • * ^ 

' , Ex£mg)le ^3. A baU is rolilpg along a :^evel surface in a straight 'line 
with constant velocity. Tbe* sxirface is provided vlth a Caftesian coordinate 
system with the f6ot 'as the \mL% of length. At 10:(X) a.m. the ball is at 

\ {k.2) while one second later it is at ' ^2, A) . A s^ond ball, also rolling 
along the level surface in a straight iine with a constant velocity ^ is at 
(-U,2) at 10:00 a.m., at (-3,-l) one^econd later. We ask whether iJie 
tvD balls will collide. In other words, we WECnt know not whether their ^ 
paths iiitersect but whether/ if they^do, the two balls are at sny point of 
intersection at the same tin^. We assume, in qin3er to sin^jlify the probl^, / 
that the balls have zero radii 4nd will collide only if their centers 
coincide* ' 

, Solutlog, The path of the first ball is -represented by. the equations 

/ X = ^ - 2s , 
. I y = 2 . 6b . 

• . t 

r ' • 

Further, if s is the number of seconds ^^ch have elapsed since 10:00 -a. > 
the equations also tell us ^ere the ball is at any time. For if we set 
8 = 0 '(10:(X):00 a.m.) we get x = if and y = S , while if we set s = 1 
(10:00:01 a»m. ) we get x = 2 ^d y = -4 . Further, ill s ^ seconds starting 
at 10:00:00 a,m», an object whose motion was represented by these equations 
would trslvel , • # 



> 



. . \ /(x - Sf + - = /4 + 3& 8 - 2^10 s , ^ 

feet. Thus -the distance travelled is a constant sailtipfe of the time taken 
and the speed is' cAistairt. Similarly, the motion of the ^cond ball is 
described by the equations 



y = 2 - 3t . 



-J 
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Our problem Is to find out lAether the abscissae of the positions of 
the tw balXs^ and tai^.orainates, etre^ever slttailtaneously^ (s s t) equal. 
^ In other words ve ^gk lAether the system of' equations ) 

. . 2t = t , ; 

. ^2 - 6t = 2 - 3t • 

has a solution. Clearly not, since this i«ir is equivalent to the pair<^ 



3t = 8 , 



3t = 0 . 

Bius the balls do not collide. • , 

ft 

If direction cosines ar6 used in & parametric representation of a line, 
the parameter t has an interesting interpretatioA. Since 

a(Po,P) = /(x - Xq)^'+ (y yp)2 = /??TJH^. jt| , 

V ' • ^ '1 - 

the absolute value of the i^Lrameter is the distance of the corresponding 

point P from Pq^ . ^ " • 

Ex aarple h. Jlnd, oh the J.ine through P = (1,5) and P^ « (5>8) ^ tvo 
points which are 3 units distant frcM P-. . 



Splutlon > Direction ^nimibers for P/vP-i ^^^e (^,3) $ and dlrecttOT cosines 
can be 'taken as T ^ , ^V--^e m^ty then write* parametric equations for 
terms' of direction cosines as ' ' ' / v ^ 



■ X = 1 + =.t , 



(y =-5 + It . 



ISae substitution' t = t 3 gives the coordinates of both points, 
j» (l , 5 1 1), °r (3.11,6.8) 'end (-1.1*,3.2) 
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5-6 



Exercises g-o ♦ 

flad tvo {»rasetric represeiitatlcms for e«kch Use throu^ one of 'Uie 
IbXlovlng pairs of points, twing each, pair iix both ^ssible oiders. 

(a) ,(5,-1) , (2i3) * ■ (e) , (2,2) . 

(b) (0,0) , (f) (-1,-1), Ci,i) 

(c) (2,-3) , (2,3) I . (s) (.1,0) , (0,1) 

(d) (-1,U),;(-M) (h> (2,-2) ,.(-2,2)' - 

Urm ttxe^^e^pi of each of the lines In Sterol se 1, plotting/ on each, 
the polnts"correBp<3nding to the values -1 , 0 % 1 , and 2 of 
parameter, ^ _ ' . . 

Find the intersection of each of the following ^pd^ of lines. When the 
'lifxes do hot intersect, what do yon notice about their eqaations? 




X = 1^ - .2t 
jr =, ^6 f 3t 

X = 4 + 6t 

y 3= -5 • '*'t 

+ 8 ^ ^ « -2 - t 

-1 + 3t ^ 



, /x>.-3 + « • , /: 



Find a pair of parametric e<iuations fqjr the line L with equation 
23C-3y + l = 0. 

Let L have 'the parametric equations ^ 
... rx = Xo4jt% 

Let = (^,^1^ ^2 " (^'^2^ points on L given by t =t^ 



and 



-D = ^2 * respectively.' Prove that .^(^1*^5) "= 1*2 ' 

A ball ,is roHitsg on & level floor along the line through (l6^2) , and 
(2^,7) and in the dlrectVon frota the first point -tovardfl second. 
(The unit of length 4s the foot.) Its speed is 26 ^ feet per second. 
Find paj^Boetric equations for its nKition, a^asujping time Srom the 
ins-^t when it is at (l6,^) . 
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?• Let 8 be a set of points, in e, plane. A point / P is sometimes called 

a center of S If 8 is i^r™etrlc' about P . A parametric representa-* 

tion of a line be used to prove ttoat a poi&t is a tenter of a set of 

op 

. points. Let S be the circle vith equation x + y U • Any line 

thro\igh the origin has a paraiarbric representation x«Xt,yapt, 

2 3 • • 

vith ^ + « 1 • Substituting these expressions for x and y in 

• the eq[uatlon of tlie circle ye get ^ . , 

or . t*^ = V . . 

** . , ■ * 

Thus , . t = t 2 . 

Since the answer is i"hdepeniient of and ^ , every, line through 
r " the origin n»ets tlje circle in the points given by t = -2 ' and t « 2 . 
These are equidistant fropi the origin. 

(a) Shov that the orfgin is a center for b^x^ + a^y^ = a^^ . 

(b) .Show that the origin is a center for y = ax^ . (Dlscusfli the case - 

y . when a > 0 " and the case \Aien a < 0 .) ^ ' ^ * A 

(c) Show that the origin is a center for y ^ • t ^' 

' X - 1 - 

8, A set S of points in a plane is ce^ed bounded If there rectangle 
which contains S • Prove that4a bounded set in a pl^e has at most 
one center.- Is this also true for unbounded sets? 

^ "Find, on the line through Pp = (1,5) and P^ = (5,8), two points at 

imit distance fraa P, . . 

1 

10. Find, on the line through A = .(-3,5) and B = (0,9!^two points P and 
Q such tba* .d(B,P) = d(B,Q) =f 5d(A^B) . ^ 



5-7* Summary, 



We have investigated the relations between certain g^^metric anc! algebraic 
entities. The gecsaetric objects were sets of points -not, as we have ^id, given 
to us in a basket but determined by certg^ln conditions or descriptions. * ihe - 
corresponding algebraic expressions were statements of equality or inequality, 
IHie relations between them were approached through a coordinatizatibn of the 
"space" in wijich the sets were presented to us.^ Then our Tuaowl^dge and in- 
genuity and experience led us to an algebraic description of the set, in the 
terminology of our-^coordinate system, * ^ 
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We have sh6wn this process in detail in'*a number of situations. We have 
applied parametric r^resentation i^\^sitliation6 Itivolving angulgf dp.splaceiiient 
and motions along a circle or line. \If a set of points has any spebial pro^ 
parties or' gecmietrit appearance, how |e th^^s reflected in ite analytic repre- 
sentation? If, £or exa^le, the set 6f points is symmetric in any way, could 
J we tell tHat from Its equation? If, oh the other hand, some analytic repre- 
sentation shovs a i>articular edgebraic \property, what is the'gecanetric counter- 
part? What would be the gecasetric effe<^t of imposing certain restrictions on 
the dcmain or range of the variables tha^- appear in the analytic representa- 
tions? . V T ' 

In our next chapter we w^ll investigate -in detail^^ny such j^latic 
between curves aind their analytic representations. 



ions 



Review Exercises 



1. We describe certain sets ©f points. You are asked to ^ve an analytic 
description of each. ^ 



] 



(P 



All points equidistant from the x- and y-axes. 

AH points equidistant from lha points A ="^(5^0) and B = (11,0) . 

All points equidistant f rom M ^ (5#0)* and C =^ (5^8) . 

t V f 

All points equidistant from. C = (5,8) and B = (ll,0) . 



All points at distance 3 

All points at distaftce 3 

All points at distance 3 

All points at distance 3 

All points at distance h 

All points at dictance p 

All points at distance d 



frcm C = (5,6) . ' 
from_^e line x = 5 
from the lii^e ^ = --27^ 
from the line 3x - ^y + 7 -= 0 1 
frCTi the line 3e ^ k . ^ 
from the line y = q 



frm the line ax+by+c = 0« 
All points twice as far from A = (5^0) as from B =^ (11, o)^* 
All points equidistant from the point C (5,8) and the*x-axis. 



All points equidistant from tfie point A = (5,0) and the line 
All points equidistant .from 'the point D = (5,3) and ,the line 
3x - l|y + 7 = 0 . ^ 

All points equidistant from the line ax + by + c ^ 0 j^nd the 
point P = (r^s) not prf that line.. . 



x = 1 . 
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2. .'If A = (-3,1) , B = (5,3") C = (1,5.) , find an analytic representation 
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(a 

(c 

(J 
(1 

\- 

in 
(P 

(p; 

(q 

(r 

(t 
(u 
(v 
(w 

(x 

(y 



AB 

— 

AB 



(d) BC 
' (e) BC 
(f) 55 



(g) GA 

(h) CA 

(i) ^ 



the Interior of /ABC \ 

the interior jrf ^BGA • * / ' 

the interior of /CAB . / 

the interior cf MBC . ' - 

the line through -A and parallel to • 

the 3J,ne through, B and parallel to GA # 

the line through C and parallel to ^ . 

t^e line containing altlthide ' IS of MBC • 

the line containing altitudeMS of AABC . . 

the^line cpntaining altitude W of MBC . ^ 

the. line containing the medicm of AABC through A , 

the line containing the median of AABC* through B . 

the li^e containing the n^dlecn of ^^^C through C • 

the Wr of lines through A'^ and p^fallei %o the axes. 

s the perpendicular bisector of ' aB . * 

. the perp4(ndicular bisector of 
the circle^containing A , B ,.^d C . ^ 

2 



3. The following expressions are analytic descriptions* of certain sets* 

are asked to describe each set In ^rdB,^|iving its nam, its location on 
the plane, and any special geoanetrlfcf properties it my have. Ssetch the 





grap 


\^ of each. 






' (a) 






{ 


-> (b) 










= 16 








X + y = 


16 


• 


(e) 


X + 9y 


= 16 




. ' (f) 


2 _ 2 
X - 9y 


= 16 




(g) 


x^.- 9y - 


(16 




(h) 


2 

^9y - x"" = 


16 








1 


(1) 


y^ - 9x = 


16 


0 • 











Ix - 3| = 


5 


^ (k) 


ix -rt5j < 

t 




(1) 


|x - a| < 


b 


(m) 


X/ = 0 




^ V(n) 


(x - i-)(y 


+ 2) - 0 


(0) 


X -'3x - 


10 = 0 

■ i 




X < y 




. (^)' 


2^-2 
X < y 




(r.) 


^ 2 

X < X 
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Give -ferbal description of each, of the sets described analytically vith 
polar coordinates belpv. Give its name if available, its location on the 
plane, and. any* special genaitf*tric properties it may have. ^ 

. . (1) r= 



<a) 


/ = 9 


(b) 


2 

r < 9 

t 


(c) 


li < 3 


(d) 


r > 3 


(e) 


0 = 2 , 


\^ r 


0 < i 


(g) 


r = 20 I 

ft 


(h) 


r < 0 . * 


(i) 


\Q - 2| = .1 


•(J) 


|r - 5| < .1 



^ cos 0 

(m) r = IS 
^ ' cos 9 

r 

(n) r= -5- 



(o) r = 
(p) 



cos Q 
. ' 1 



co8(e 








sin(9 




a 




sin(0 


- fc) 


1 

sin's 


1 


2 

cos 0 




0 . 





Write 'the re'lated jolar equaticJn or inequality for each part of Exercise 
U above- 

** ^ ^' 

Eliminate tjie parameter In each pair of parametric equations belov, > 

(a)^ rx^= 1 + t (f) /X = 3 sin t 

1 1 * . . • 



(y 1 ^ 



|y = r cos t 

(b) (x = 2t ^ (g) (x = 2 + 3 cos t 

y = t + 2 , |y^= 1| - 5 sin t 



(c) -*x = T-r4 Ch)* fx =,2 sin t 

ly = .sin 2t 



y 



FTT 
1 



(d) (x_=t2 + t. • (1) (x=^ 



SI 

1 



COS t 



ix = + t- (1) 7 

(y'=t3.t^ i 

(e) /X = t * i (j) (x,,= Bin 2t 



- » 

7. A point moves on a lin^ from A = (3,7) throu^ B = (0,3) at *the rate 
.of 1 linear unit per second* Write parametric e(^uations for its path^ 
using*^ seconds as units for the parameter t". • 

Qm A point moves on a line from the oi^^^^ through point C = {7,^) at the 
mtJ^ot^ 5 linear units per seccml, w^te paiuiaetrie equations for 'Its 



Dn the parameter t . ^ • jttL 



' path^ using minutes as units fog the parameter t . 
9« A point A moves along a oCine vith J>arametric equation^ for its 
, path: )^ 1 + 3t , ) ggi^t B moves along a line vith ^parametric 

. |y = 3 - 1 . 

.equations Jpr it^ path: = 5 - 2t , d{A,B)*when t = 3 , cfiid 

; /y = 11 +H . ' * y 

• t = 5' ; " ^ , 



10. /Rae i>ath.of P^^ has equations 



.1 



^ = ^1 + V.' 



^ y = yg • 

Express d(p^^P )' vhen t 2 , in terms of the constants in these 
equations. - ' ^ 



11. Write paraaaeitric equations for each path of a point around the rim of* a 
5 clock if the path has the following description (a^fdune unit radius): ^ 

{a) Starts 'aif 12 o'clock positicm, and moves countercltckvise at 3 rps 
(revolutions per second)* . \ . I - 

(b) Starts at 6 o* clock position and moves clockvlse at 2 rps. 

(c) Starts at k o'clock position and moves counterclockwise at 1 rps« 
((j) Starts at 9 4'clock position and mgves clockvise aX^k rps. 

(e) Starts at 8 a* clock position and moves coujtterclockvise at i rps. 

12. ,^Find the time and place of the firs^^ meeting, assuming a si^ftiltaneous 

start of the' points described in Exercise 11: ^ 

(a) a and * , 1 

'(b) a ajid c ^ 

{cX a anS^ d 

(d) a. and e ^ • ^ - 



b and 



(f) 




an^ 


d" 


(g)' 


b 


and • 


e 


(h) 


c 


and 


d 


(i) 


c 


and 








and 


e 



J ■ • ^ , 

•ERIC.. •• . ^""x ••■ /■ 



« ** * 

; ' 13. A point is rotating c^fSa^rcO^ikwise at 2 rpB a^disl^ce 3 frm ti\e 
pcdnt '(if ,5) . •Bl^^jMiaiytic conditions fo? dtS path. 

lif. . A point is rotatljig clockwise l;rp8 at a distance of 2 froSr the point 
(-1,0) . Find analj^ic conditions for its path. — - 

15. We give atialyt^j2*^*BCr^ptioq/ 6f the ipaths of certain points eround the ^ 
^ rim of a clock* XcRi are asked to describe these j^ts in wordsi Assiame 
t measured ±n minutes, ^ ^ / 



' (a) ' /X = 4 cos i+jtt 
. ^ ly = ^ sin lf:tt 

C>) p = 6 co8(| + 6jrt) 



y.- 6 sin(i + 



i(| + 6nt) 

= 10 cos(jr 
ly 10 sinfjr 

ly = 



i(jr - lOitt) ■ . ' \ 

(d) /X = 8 cdBiknt + n) ' * ' • . ' 



ly = 8 sin(Urtt , ' ■ . • , 

. (e) tx =/2 sin 2jtt / ^ % - 

=t 2 cos 2jrt 'f. 

Find' parametric representations for the ellipses described below: 

(a) center at the origin, major axis ,10 eulona the x^axis, minor axis 

* 

(b) center at the. origin, < x-intercepts t 3 p /^intercepts i* ^ . 

. (oy* inajor axis horizont^, And the -ellipse will just fit between the"' 

circles x + y = 5 and x + y = 6 . 

\ 

17. A wheel with radius 12 lynches, turning at the rate of 3 rps, is 

rolling down a straight, level road.* Assume a coordinate system as usual 
and write parafraetric eqtiations for ^ ^ . ^ ' 

(a) a point P on its rim; • ^ ' . ^ 

(b) a point 'ft , six inches in from tjie rim,^ (A challenge problem.) 
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Seg. 

.Vo 

1' 

• 9 
•10 

*- 11. 
. Ig 

13 
14 

15 

16 
17 
. 18 

19 
20 

21 
22 
23 
24 
25 

28 
29 

• 30 

■ 31 
32 
33 
- 3« 
35 

•36 
37 
38 

39 
40 

41 
42 

h3 
Uk 
45 



■ 0:^17. 
^ - 0:035 ' 

.i.o87'>;. 



-'Tabled "It.* 

• * • • * 



1 



1.0Q(^ 

■i.()09 

ii.999' 
. 0.99St 
/ 0.998 
.7 0-. 99^ 



tangent pbtangent 



4000 
Qi017 

oto 

0.^2' 
O.Q70 

o.oa? 









0.'105i: 




; : 0.-991, . 




"'0.1^3 














• 


• 0 ,158 " J 


o.nk ■' .- 


dv985. 


t . 
f . 


.00.76 


y , 0,191* 


p. ^2 




,0.194 








• 9,21^ 












■^0.970- ; 




0.249 




0.966 


■ f . 


0.268 


^ o.af76 


. 0'^'96l 




O.28T * 


0.29^ . 


0.956. 




0.306" 






• 




0.3^ 


0.946 




0.344 


0.342 


.0.940 


• 


0.364 


0,358 


^0.934 


* 


0.384 


0.375 


0-927 




0.404 


0,391 








b.4o7 


0.914 


- 


0.445 


0.423 


0.906 




0.4^ 


&. 438 


0.899 




0.488 


0.454 


0.891 




X5.'510 








u. pjt: 


0.485 


0.875 " 




0.554 


0.500 


0.866 ■ 




0.577 


^ 0.»515^ 


0.857 




0.601 . 


0.530 


0.848 




- 0.625 


• 0.545 


0.839 . 




Q.649. 


0.559 


0.829 




0.675 


0.574 


0.8i9 




0.700 


. 0.586 1 


0.809 




0.727 


0.602 f 


0'.799 




0.75^+ 


0.616 ♦ 


0.788 




0.781 


•0.629 • 


0.777 . 




* 0.810 


0.643 . . 


0.766 




0.839 


0.656 


0.755 




0.869 


0.669 


0.743 ' 




0.-9(X) 


0.682 


.0.731 




0.933 , 


0.695 


0.71? 




0.966 . 


0.707 


0.707 




1.000 


Cosine 


Sine 




Cotangent 



" • mM. kt M W 

r ^ W ■ 

V57.29.', 

"19-08 .'. 
•:^.3C>-.- 
.1^:43 

'^.514' 

' 7%115. 
;6.ji4- 
5^671 • 

5.1'*5> ' 
4,705 • 
. 4.33-1* 
4.0U 
3.732 

• 3.271 
3.076 
2.904 
2.7^7 

2:605 ' 
.2.475 
2.356 
. 2.246 
.2.145 

2.050 

'1.963 
1.881 
1.804 
1.782 - 

1*664 
1.600 

1.483 
1.428 

'1.376 
1.327 
1.280 

1.235 
I.I92 ' 

1.1^ 
1.111 
,1.072 
1.03^ 
1.000 

Tangent 



90. 
89 

88 
t87. 

86 
*85' 

84 

83 
82 

V ,81 

80 

•79 
78 

77 . 
76.. 
75 

Ih 
73 
72 

7r 

70 

69 
68 

^7 

66 

65 

64 
63 
62 
61 
60 

59* 

58 
57 
56 

55 

5** 
53 
52 
51 
50 

k9 
48 

47 

46 

U5 
Deg. 
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. Table II» ' / > V 
' Htftutai ErlgoxK)a^tric Functions .(Raaiaa^feesxjxe)^ , * * . 

Coslpe ^ T^ent COtangfent 
' ' f ' # . ' 

l.OOO vO.OOO^, «*»** 

l^CXX) • ' b.620 • • 1^9.99'^'' . 

• 0.999. * / q.04d" . * .- ■2k.99'' 
0.998* ' 0*.o6o .* 1?5.65 
0.^*' ' 0^060 " -ia.U7» 
0.995 ^ ■■ ».ioo ' ^.967 

0.9?3 '• 'oii21 ' '8.293 • 

• •0.990; /O.lVl 7., 09.6 . 
0.987"'" . 0.161 , 6.197 

\0.98h ^ 'ciSa „ ' \ 5.^95 

0.980''^ . 0.2O3x h.933 

0.976*. ' 6.22V *' k.klZ 

0.971 * O.^U5^ • . .4.086- 

•0.966 ■ 0.266 • • i ' 

0.961 ; o;288 • , ■ 3.k'^ 

•0.955 . 0.309. - '■ .3."233 V 

0,9h9 0.531 ' ' 5.018 

0.9^3 - ■ O.35I+ ■ 2.827 

0.936 ' 0.376 \ 2:657 . 

0.929 .' . 0.399 2. 501* 

0.921 p. 1+23 • . ' 2.365 v 

0.913* , o.kki 2.239 

0.905^^4* 0.1+71 - 2. 121+ 

0.8^V. %,0J+95 ^ .2.018 

■o.^^r s^-i 0.521 y •1.921 

0.878 * • ■■ *o.5i+6/ ' 1.-836 / 

0.868 . 0.573 ' . 1.71+7 

0.858 0.599 , 1.668- ' 

0.8J+7 0.627 ' ' 1.595 

0.836 ' 0.655^ ' 1.526 

0.825. , 6.681+ 1.1^62 

'O.811+ 0.711+ ■ 1.1+01 

'0.802 ' 0.71+5 • 1.31+3 

C.790 0.776 -1.289 

0.778 . 0.809 . ;i.^37 

0.765 0-81+2 . "1.187 

0,752 0.877 1.1^ r 

0.738 0.913 1.095 

0.725 0.950 1.052 

0.711 0.989 1.011 , 

0.697 . * 1.030*-. 0.971 ' 

0.682 1.072 0.933 

0.667 1.116 ■ 0.896 

0.652 ' 1.162 0.861 

0.637, i.?io 0.827 

0.622 1.260 0.791+ 





' Sine 


» XX) 


.0.000 . 


.V-.02 . 


0.0'20 


. , .01+ . 


o.oi+o 


* .06 . 


0.060 


.08 


0.080 


-.10 


6.100 V 


• 




;12 


0.120 


.Ih ' 


O.lW 


.16 


0.159 


.18 


6.179 


. 20 * 


0.199 


• .22 


"0.218 


.21+ 


0.238 


.26 


, 0.257 


•28 . 


0.^6 


.30 


^.296 


.32 


• \ 0.31'5 


'3h 


0.333 


. » 


0.352 


«3^ 


0.371 


J . l+Qr 


0.389 


.1+2 


0.1+08 


.1+1+ 


0.1+26 


.1+6 


o.ifi+i+ 


.1+8 


0.1+62 


^ .50 


. 0.1+79 


.52 ' 


0.1+97 


■ .51+ 


0.511+ 


.56 


0.531 


'.58 


0.51+8 


.60 


0.565, 


.62 


0.581 


.6k 


0.597 


.66 


0.613 


.68 . 


0.6^ 


.70 


0."6i+l+ 


.72 


0.659 


.71+ 


O.67I+. 


.76 


0.689 


.78 


' 0.703 


.80 


•0,717 


.82- ■ 


0.731 


.81+ 


0.71+5 


.86 


0.758 


.88 


0.771 


. .90 


0 0.783 
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' Table II T ' 

• . Hatural !Erxgon<aBeti:lo Punctionp (Bafiilan Mea&ure) 

Bad. ' Sine Cosine Tangent Cotaflgent 

.*92 '^0.796 ' 0.606 • * 1.313^ O.761 . 

,9h ■ ^.808 . 0.590 , 1.369 0.730 

.96 0.819 O.57U •1.428 -6.700 

'.98 0.830 , 0.557 1.1^91 0.671.- 

1.00 . 0.81^1^ .. 0.5ii0^ • 1.557 ■ ■ o,.6Ji2 

1.02 . . 0.65a * ■ 0.523 ' 1.628' ' '0.614 

^1.04 • 0.862 0.506 1.704" 0.587 

1.06 0.872 . 0.489 ' 1.784 -0.5^ 

1.08 -(V,882 0.471 1.871 0.534 

laO - 0.8^ . 0.454 ■ 1.965 ' 0.509 

1,12 l).900 0.436 - 2.066 0.484 

1.14 0.909 0.418 2.176 0.460 

1.16 ^ 0.917 0.399 2.296. ^ 0.-436 

1.18 0.925 0,381 2.427 * , 0.412 

1.20 ^ 0.932 0.362 2.572 . 0.389 

1.22 0.939 0^3Mf ■ 2.1«3 0.366 

1.24 0.946 " b.325 2.912 0.343 

1.26 0.952 . 0.306 . ' 3.113 • D.321 

1.28 0.958 0.287 / 3.341 0.299 

<.1.30 0.964 0.268 3,602 0.278 

1.32 0.969 0.248 3.903 * 0.256 

1.34 0.973 - 0.229 * 4.256. • . 0^235 

1.36 0.978 0.209 4.673 0.214 

1.38 ■ 0.982 0.190 5.177 0.193 

l.W 0.985 0.170 5.79§ 

1.42 0.989 

1.44 -0.991 

1.46 0.994 

1.48 0.996 

1.50 0.997 

1.52 0.999 

1.54 1.000 

1.56 I'.OOO 

1.58 , 1.000 

1.60 ' 1.006 

1.62 ' 0.999 

1.64 0.998 

1.66 , 0.996 

1.68 0.994 

1.70 0.992 

1..72 0.989 

1.74 0.986 

1.76 0.982, 

1.78 0.978 

l.,8o 0.974 ' 



0.172 



0.150 


6.581 


0.152 


0.130 


7.602 


. 0.132 


0.111 


8.989 


0.111 


0.091 


10.98 


0.091 


0.071 


14.10 


0".07l 


0.0^ 


19.67 


0.051 


0.031 


32.46 


0.031 


0.011 


92,62 


0.011 


-0.009 


-108.65 


-0.009 


-0.029 


-34-23 


-0.029 


-0.049 


-20.31 


-0.049 


*0.069 


-ik-M 


-0.069 


-0.089- 


-11.18 


■-O.O89 


-0.109 


, ■ -9.121 


-0.110 


-0.129 


-7.697 • 


-0.130 


-0.149 


-6.G52 


-0.150 


-0.^.68 


-5.853 


-0.171 


-0.188 


-5.22? 


-0.191 


-0.208 


-4.710 


-0.212 


-0,22! 


-4.2B6 


-0.23-3 
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